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INTRODUCTION

Spaces with additional structures which arise in theoretical Physics play an important part in the theory of Riemannian spaces 1}, .
Such spaces are, in particular, “Classical” Kaehlerian and Sasakian spaces as well as hyperbolically Kaehlerian and Hyperbolically
Sasakian spaces.

Definition (1.1): An odd-dimensional Riemannian space S, is called a hyperbolically Sasakian space if, along with metric tensor
gij » a complex structure tensor F]* satisfies the following conditions:

FrFEF =6 -X"X, (1.1)
Flxk =0, (1.2)
XkX, =1, (1.3)
g + giiFf =0, (1.4)
Fjj = X"gij - 6/X; (1.5)

Where X; = X¥ g, is some vector.
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Differentiating (1.1), it is easy to establish that F/* = X,% . This definition of Sasakian spaces is over determined.
The Riemannian curvature tensor field R?jk is defined as

Rl = 0; L } j {iha}{jak}' L’ha}{iak} ’

where 0; = % and {x'} denotes the real local coordinates.

The Ricci tensor and the Scalar curvature are respectively given by

R;j= R%;and R=g"R;;

If we define a tensor S;; by

Sij = F{ Ry, (1.6)

Then, we have

Sii =S, an
F{ Sqj = =Sia Ff* , (1.8)
And

FfSika = Rjij - Riij (1.9)

It has been verified in Yano ([5]) pages 63, 68 that the metric tensor g;; and the Ricci-tensor denoted by R;; are hybrid in i and .
Therefore, we get

9ij = 9rsF{ F}', (1.10)
And
Rij = RisFTFS (1.11)

The Holomorphically Projective curvature tensor P} ijk 1s given by

1
P} ik " i)

Uk R

(R 8"

! — RSl + SycFt — S Fl* + 28, FL) (1.12)

The Tachibana H-Concircular curvature tensor and the Weyl-Conformal curvature tensors are respectively give by

The = Rl + oy (8] — gyl + FuF = FuFl + 2Fy FL) (1.13)
and

1 R
Cle=Rli + ) —— (Ru8" — Ry8! + g R — g RI') - ey (918 — gjl), (1.14)

There is a Weyl-Concircular curvature tensor given by (Sinha, 1971)

Zlye = Rl + mos (90 0] = gu81) (1.15)
If, we put
Lij = Ry _ggi}' (1.16)
and

R

Ml]:FlaLOC] ZSL}_;FI (117)
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Then from (1.12), (1.13), (1.16) and (1.17), we get

1
Pliic = Tije + ey (LieS)' = Lidf' + MycF' — M F + 2MyFy) (1.18)

and with the help of (1.14), (1.15), (1.16), and (1.17), we have

Chi = 2l + g (Lacdf' = LiS? + gl = g5el?) (1.19)
Now, we shall use the following:

Definition(1.3). A hyperbolically Sasakian space S,, is said to be recurrent space of second order, if we have

Rliap — AapRly = 0, or, equivalently Ryjuyap — AqpRijir = 0. (1.20)
For some non-zero tensor field A4, and is known as recurrence tensor field.

A hyperbolically Sasakian space whose Ricci-tensor R;; satisfies the equation

Rijap — AapRij =0, (1.21)
For some non-zero tensor A, is called hyperbolically Sasakian Ricci-recurrent space of second order.

Multiplying the above equation by g¥/, we have

Rapy — AR =0. (1.22)
Hyperbolically Sasakian Recurrent Spaces of second order

Definition(2.1). A hyperbolically Sasakian space satisfying the relation

Plicap - AapPlj = 0, or, equivalently Pyjyrap — AapPijir = 0 2.1
For some non-zero tensor field 4, , will be called hyperbolically Sasakian projective recurrent space of second order.

Definition (2.2). A hyperbolically Sasakian space satisfying the relation

Ti’}k'ab _ AabTi’}k = 0, or, equivalently Tjjx; ap — AapTijr = 0. 2.2)

For some non-zero tensor field A, , will be called hyperbolically Sasakian space with Tachibana H-Concircular recurrent
curvature tensor of second order.

Definition (2.3). A hyperbolically Sasakian space satisfying the relation

Ci’}k_ab _ )labCi}Jl-k = 0, or, equivalently Cijx; qp — AaqpCijri = 0. 2.3)
For some non-zero tensor field A,; , will be called hyperbolically Sasakian space with Weyl-conformal recurrent curvature tensor
of second order.

Definition (2.4). A hyperbolically Sasakian space satisfying the relation

Zh

ijk.ab — AabZl-hjk = 0, or, equivalently Z;jx; qp — AapZijii = 0. 2.4)

For some non-zero recurrence tensor field A, , will be called hyperbolically Sasakian space with Weyl-Concircular recurrent
curvature tensor of second order.

Now, we have the following:
Theorem (2.1): If a hyperbolically Sasakian space satisfying any two of the following properties:

o the space is hyperbolically Sasakian Ricci-recurrent of second order,
o the space is hyperbolically Sasakian projective recurrent of second order,
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e the space is hyperbolically Sasakian Tachibana H-Concircular recurrent of second order, then it must also satisfy the third.

Proof. Differentiating (1.18) covariantly w.r.to x% , again differentiate the result thus obtained covariantly w.r.to x? , we have
Plicar = Tijiap + — (n+2) (Likav®]" = LiapS + Mian F* = Mjkap F* + 2Mjj ap Fit), 2.5)
Multiplying (1.18) with A, and subtracting the result thus obtained from (2.5), we have

Plab = 2avPlie = Theap = AanThie + == [(Lix.ap — AapLix) 6] — (Lixap — AapLjr )87

(n+2)

+(Myeap — ﬂabMik)th — (Mjgap — AapMp ) FI + 2(Myj p — Aap My )F (2.6)
The statement of the above theorem follows in view of equations (1.21), (1.22), (2.1), (2.2), (1.16), (1.17) and (2.6).
Theorem(2.2). If a hyperbolically Sasakian space satisfying any two of the following properties:

o the space is hyperbolically Sasakian Ricci-recurrent of second order,
o the space is hyperbolically Sasakian space with Weyl-Conformal recurrent curvature tensor of second order,
o the space is hyperbolically Sasakian space with Weyl-Concircular recurrent curvature tensor of second order, then it must
also satisfy the third.
Proof. A Hyperbolically Sasakian Ricci-recurrent space of second order, a Hyperbolically Sasakian space with Weyl-Conformal
recurrent curvature tensor of second order and hyperbolically Sasakian space with Weyl-Concircular recurrent curvature tensor of
second order are respectively characterized by the equations (1.21), (2.3) and (2.4).

Differentiating (1.19) covariantly w.r.to x% , again differentiate the result thus obtained covariantly w.r.to x? , we have

Ciijl'k,ab = ng ab + (le ab5 LixapSi + gixL g, Fab — Gkl an), 2.7
Multiplying (1.19) with A,;, and subtracting the result thus obtained from (2.7), we have

Cliap = 2anClix = Zlwap — AapZly + iz] [(Likan — labLik)@'h — (Ljap — AapLjx) S}

(L} ap — Aan L) gik — (L ap = Aap L) gjicl, (2.8)
The statement of the above theorem follows in view of (1.16), (1.17), (1.21), (2.3), (2.4) and (2.8).

Theorem (2.3). Every hyperbolically Sasakian recurrent space of second order is a hyperbolically Sasakian space with Tachibana
H-Concircular recurrent space of second order.

Proof. Differentiating (1.13) covariantly w.r.to x4, again differentiate the result thus obtained covariantly w. r .t. x?, we have

Theap = Rlean + n(n+2](glk = Gp6] + FucFl — FFl + 2FFY) 2.9)

Multiplying (1.13) by 4, and subtracting the result thus obtained from (2.9), we have

R ab—AapR
Theab — AabTiie = Rijkap — AapRljk + + Rar-tank) (98 — 90 + FuF* — Fy Fl' + 2F;;F]), (2.10)

n(n+2)

Now, let the space be hyperbolically Sasakian recurrent space of second order, then equations (1.20), (1.21) and (1.22) are
satisfied.

Making use of equations (1.20) and (1.21) in (2.10), we have
Ti’}k,ab — Aap Ti}}k: 0,

Which shows that the space is hyperbolically Sasakian space with Tachibana H-Concircular recurrent space of second order.

Hyperbolically Sasakian Symmetric Spaces of second order

Definition (3.1). A hyperbolically Sasakian space is said to be symmetric space of second order, if it satisfies the relation
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R{ljk_ab =0, or, equivalently R;juqp = O, 3-1)

Obviously, a hyperbolically Sasakian symmetric space of second order is said to be hyperbolically Sasakian Ricci-symmetric
space of second order, if

Rijap = 0, (32)
Multiplying the above equation by g%/ , we get
Rap =0, (3.3)
Definition (3.2). A hyperbolically Sasakian space satisfying the relation
Pl ap = 0, or, equivalently P;jy qp = 0, (3.4)
is called a hyperbolically Sasakian projective symmetric space of second order,
Definition (3.3). A hyperbolically Sasakian space satisfying the relation

T/ ap = 0, or, equivalently T;jx; o = 0, (3.5)
will be called hyperbolically Sasakian space with Tachibana H-Concircular symmetric space of second order.
Definition (3.4). A hyperbolically Sasakian space satisfying the relation

Ci}}k_ab = 0, or, equivalently Cyjx;qp = 0, (3.6)
will be called hyperbolically Sasakian space with Weyl-Conformal symmetric curvature tensor of second order.
Definition (3.5). A hyperbolically Sasakian space satisfying the relation

Zl-hjk'ab =0, or, equivalently Z;j; o = 0, (3.7)

is called hyperbolically Sasakian space with Weyl-Concircular symmetric curvature tensor of second order. Now, we have the
following:

Theorem (3.1). If a hyperbolically Sasakian space satisfies any two of the following properties:

o The space is hyperbolically Sasakian Ricci-symmetric of second order,
o the space is hyperbolically Sasakian projective symmetric of second order,
o the space is hyperbolically Sasakian Tachibana H-Concircular symmetric of second order, then it must also satisfy the third.

Proof. A hyperbolically Sasakian Ricci-symmetric space of second order, a hyperbolically Sasakian projective symmetric space of
second order and hyperbolically Sasakian space with Tachibana H-Concircular symmetric space of second order are respectively
characterized by (3.2), (3.4) and (3.5).

The statement of the above theorem follows in view of (2.5), (3.2), (3.4) and (3.5).
Theorem (3.2). If a hyperbolically Sasakian space satisfies any two of the following properties:

o the space is hyperbolically Sasakian Ricci-symmetric of second order.

e the space is hyperbolically Sasakian With Weyl-Conformal symmetric curvature tensor of second order,

e the space is hyperbolically Sasakian space with Weyl-Concircular symmetric curvature tensor of second order, then it must
also satisfy the third.

Proof. A hyperbolically Sasakian Ricci-symmetric space of second order, a Hyperbolically Sasakian space with Weyl-Conformal
symmetric curvature tensor of second order and hyperbolically Sasakian space with Weyl-Concircular symmetric curvature tensor

of second order are respectively characterized by (3.2), (3.6) and (3.7).

The statement of the above theorem follows in view of (2.7), (3.2), (3.6) and (3.7).
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Theorem (3.3). Every hyperbolically Sasakian symmetric space of second order is a hyperbolically Sasakian space with
Tachibana H-Concircular symmetric space of second order.

Proof. From (2.9), it follows that in a hyperbolically Sasakian symmetric space of second order, the Tachibana H-Concircular
curvature tensor satisfies

h —
Tiji,ap = 0,

Which shows that the space is hyperbolically Sasakian space with Tachibana H-Concircular symmetric space of second order.
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