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INTRODUCTION

Several authors from time to time have made a number of generalizations of Zadeh’s fuzzy set theory (Zadeh, 1965). The notions
of BCK/BCI-algebra were introduced by Iseki (1980) and were extensively investigated by many researchers. Liu and Meng
(2004) introduced the notion of g-ideals and a-ideals in BCl-algebras. The study of fuzzy algebraic structure was started with the
introduction of the concept of fuzzy sub-group in 1971 by Rosenfeld (1971). In 1993, Jun (1993, 1994) applied in BCI algebra. Of
these, the notion of vague set theory was introduced by Gau and Buehrer (1993). Using this vague set, Biswas (2006) studied
vague groups. Further Ramakrishnan and Eswarlal (2008, 2009) continued the study of vague algebra by studying the
characterizations of cyclic groups in terms of vague groups, vague normal groups, vague normalizer, vague centralizer, vague
ideals, normal vague ideals etc. Ganeshree Selvachandran (2012, 2016) introduced vague soft rings and vague soft ideals and
studied some of their properties. Also Alhazaymeh (2012) introduced the concept of possibility vague soft set. Jun and Park
(2007) studied vague ideals and vague deductive systems in subtraction algebras. In (Arsham Bourmand Saied, 2009), the concept
of vague BCK/BCIl-algebras is discussed. Lee (2004, 2000) introduced an extension of fuzzy sets named bipolar -valued fuzzy
sets. Based on notion of bipolar- valued fuzzy sets, Jun and Song (2008) and Lee (2009) discussed subalgebra and ideals of BCH-
algebras.The concept of bipolar vague fuzzy trandation and bipolar-valued fuzzy S-extensions of a bipolar valued fuzzy
subalgebrain BCK/BCI-algebra was introduced by Jun et al. (2009) In this paper, we apply the concept of bipolar vague A-ideals
to BCl-algebras and investigate its properties. Also we discuss the relations among bipolar vague subalgebras, bipolar vague ideals
and bipolar vague A-ideals.

Preliminaries

Definition 2.1 (Young Bae Jun et al., 2007) An algebra (X; *, ) of type (2,0) is called a BCl-algebraif it satisfies the following
conditions:

(i) ((x*y)*(x*2)*(z*y) =0,

(i) (x* (x*y))*y=0,
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(i) x*x=0,
(iV)x*y=0,y*x=0= x=yforal X,y,ze X

We can define apartia order '<'on X by X< Yyif andonlyif X*y=0.Any BCl-algebra X hasthe following properties:

(D x=0=x
(D (x*y)xz=(x*2)*y.
QB x<y=x*xz<y*xz,zxy< zxxfordl X, y,ze X

Definition 2.2 (Zadeh, 1965): Let Xbe a nonempty set. A fuzzy set Adrawn from Xis defined as
A={<x:m,(X) > xe X}, where m, : X —[0,]] is the membership function of the fuzzy set A.

Definition 2.3 (Lee, 2000): Let X bethe universe. Then a bipolar valued fuzzy sets, A on X isdefined by positive membership
function I}, that s, : X —[0,1], and a negative membership function N}, that is M}, : X —[—1,0]. For the sake of

simplicity, we shall use the symbol A={(X, M, (X),M, (X)) :x e X}.

Definition 2.4 (Gau and Buehrer, 1993): A vague set A in the universe of discourse Uis a pair [t,, f,] where
t,:U —>[01], f,:U —>[01are the mappings (caled truth membership function and false membership function
respectively) where t,(X) is a lower bound of the grade of membership of X derived from the evidence for Xand f,(X) isa
lower bound on the negation of Xderived from the evidence against Xand t,(X) + f,(X) <1foral xeU .

Definition 2.5 (Gau and Buehrer, 1993): Theinterval [t,(X),1— f,(X)]iscaled the vague value of Xin A, and it is denoted
by V,(X). Thatis V,(X) =[t,(X),1— f,(X)].

Definition 2.6 (Gau and Buehrer, 1993): A vague set Aof U with t,(X) =1and f,(X)=0 VXxeU , iscaled the unit
vague set of U . A vagueset A of U with t,(X) =0and f,(X)=1 ¥YXxeU ,iscaled the unit vague set of U

Definition 2.7 (Gau and Buehrer, 1993): Let Abe a non-empty set and the vague set A and Bin the form
A={(Xt,(¥),1-f,(X)): xeX}, B={(Xt5(X),1- f;(X)): XeX}. Then

(i) AcBifandonlyif t,(X) <tg(X)and 1—f,(X) <1-f;(X)
(i) AUB = max{t ,(x),t, (X)} and max{1— f,(x),1— f5(X)}.
(i) An B = min{t . (X),t, (X} and min{1— f,(x),1— f5(x)}.

(iv) A={(x, f,(X),1-t,(X)):xeX}.

Definition 2.8 (Cicily Flora and Arockiarani, 2016): Let X be the universe of discourse. A bipolar-valued vague set A in X
is an object having the form A={(X,[tA(X),1— f, (X)].[-1- T, (X),t,(X)]) : XX} where [t;,1- f;]: X —[0,1] and
[-1- f,,t;]: X —[-1,0] are the mapping such that t, + f, <land —1<t, + f, The positive membership degree
[tx(X),1— f, (X)]denotes the satisfaction region of an element x to the property corresponding to abipolar-valued set A and
the negative membership degree [ —1— f 5 (X),t,(X)] denotes the satisfaction region of x to someimplicit counter property of
A . For asake of simplicity, we shall use the notion of bipolar vague set V, =[t,,1— f ]and v, =[-1- . ,t,].

Definition 2.9 (Arockiarani and Cicily Flora, 2016): A bipolar vague set A= (X;V,:,V;) in X is caled a bipolar vague
subalgebra of X if it satisfies:

Va (x# y) = min{v, (x), v, ()}

Vo (X*y) < max{Vv,(x),Va(Y)}
foral X,ye X, thatis
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ta (X% y) = min{ta (X),ta ()}
1-fp (x*y) 2 minl-f 4 (x),1- fA (Y)}
ta (o y) < max{t 5 (X),t 5 (¥)}
1-f5 (x*y) <max{l-f 5 (),1-f 5 (Y)}

Definition 2.10 (Arockiarani and Cicily Flora, 2016): A bipolar vague set A= (X;VX,V;) of aBCK algebra X iscalled a
bipolar vague ideal of X if the following conditions are true:

(1) VA (0) > Vi (X) andV (0) < Vr(¥)
(1) Va(X) 2 minfv, (X y),VA(Y)} and v, (X) < max{v, (x* y),V,(Y)}
3. Bipolar vague A-ideal

Definition 3.1:A bipolar vagueset A=(X;V, ,V,)in Xiscalled abipolar vague A-ideal of X if it satisfies:
(i) VA (0) 2V, (x)
(i) VA (0) <V, (X

(iii) Vi (y*x)=min{V ((x* 2) = (0* y)),V, (2)}
(IV) V. (y*x) <max{V, ((x*2)*(0*y)),V, (2)}foral x,y,ze X.

Example 3.2: Consider aBCl-algebra x= {0, a,b,c} with the following Cayley table:

* 0 a b c
0 0 a b [+
a a 0 C b
b b c 0 a
C C b a 0
Define abipolar vague set A=(X;V,,V,)in X by
X 0 a b C
vV (0.6,0.8) (0.6,0.8) (0.3,0.4) (0.3,0.4)
A
Vo (-0.6,-0.4) (-0.6,-0.4) (-0.4,-0.3) (-0.4,-0.3)
A

Then A=(X;V,,V,)isabipolar vague A-ideal of X .

Theorem 3.3: If A=(X;V,,V,)isabipolar vague A-ideal of X, then V, (X) =V, (0% X) and V, (X) =V, (0* X) for all
xe X.

Proof: Let A=(X;V,,V,)beabipolar vague a-ideal of X . Taking y = z=Qin Definition 3.1 and using Definition 2.1(iii)
and (1), weget V, (0% X) <V, (X) and V, (0% X) >V, (X) ...*

Setting X = z= 0in Definition 3.1 and using Definition 2.1(iii), (*) we have V, (y)=V, (y*0) <V, (0*(0*y)) <V, (0 y) and
Vi (y) =V, (y*0) 2V, (0% (0* y)) =V, (0* y)forall Y e X.

Hence, V, (X) =V, (0*x) and V, (X) =V, (0= Xx)foral xe X.

Theorem 3.4: Every bipolar vague A-ideal of X isboth a bipolar vague subalgebraof X and abipolar vague ideal of X .
Proof: A= (X;V,,V, ) beabipolar vague a-ideal of X . Using Definition 3.1, Theorem 3.3 we have



58517 Cicily Flora et al. Bipolar vague a-ideals of bci-algebras

Vi (%) =V, (0%X) < maxqV; (x*2)*(0%0)),V,, (2)}

=max{V, (x*2z),V, (2)} and
V() =V, (0% ) = mingV,; (x* 2)* (0%0)).V; (2)}

=min{V, (x* 2),V, (2)} foral x,ze X.
Hence A= (X;V,,V,) isabipolar vagueideal of X  Now forany X,y e X. we obtain
Vi (xxy) <max{V, ((x*y) *X),V, (X)}

= max{V, (0= y),V, (x)} =max{V, (x),V,(y)} and

Vi (x*y) 2 minfV, ((x* y) * X),V, (X)}
= min{V, (0% y),V, ()} =min{V, (x),V, (¥)} -

Therefore A= (X;V, ,V, ) isabipolar vague subalgebraof X

The following example shows that the converse of the above need not be true.

Example 3.5: Let X={0, a,b} be aBCl-algebrawith the following Cayley table:

* 0 a b
0 0 b a
a |a |0 b
b b a |0
Define abipolar vague set A= (X;V, ,V,)in X by
X 0 a b
v (0.6,0.8) (0.4,0.4) (0.4,0.4)
A
V- (-0.8-0.6) (-0.7,-05) (-0.7,-05)
A

Then A= (X;V,,V,)isboth abipolar vague ideal and a bipolar vague subalgebra of X, but not a bipolar vague A-ideal of
X.

Theorem 3.6: Let A= (X;V,,V, ) beabipolar vagueideal of X. If theinequality X* Y < Zholdsin X . Then
Va (X) s max{V, (¥),V, (2)}
Vi (¥) =2 min{V, (y), V4 (2)} -

Proof: Let X,Y,Z€ X besuchthat X* Yy < z.Then (X*Yy)*Z=0, and so

Va (X) < max{V, (x*y),V, ()} < max{max{V, ((x*y)*2),V, (2} .V (V)}
=max{ max{V, (0),V, (2)},V, (y)} =max{V, (y),V, (2)} and
Vi () 2 min{V, (x*y),V, ()} 2 min{min{V,1 ((x* y) * 2),V, (2)}, V4 ()}

=min{mir{V,y (0),Vx (2)},Vx (¥)} =min{V, (y),V, (2)} -
Hence the proof.

Theorem 3.7: Let A=(X;V,,V,) beabipolar vagueidea of X . Then the following are equivalent.

(i) A=(X;V,,V,)isabipolar vague A-ideal of X .

(i) A=(X;V,,V,) stisfies the following conditions:
Va(y* (x*2)) <V, ((x* 2)* (0™ y))

Vi (y* (x* 2)) 2V, ((x* 2)* (0* y))foral X,y,ze X.
(i) A=(X;V,,V,) satisfies the following conditions:
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Va(y*x) <V, (x* (0™ y))
Vi (y*x) >V, (x* (0% y))foral X,ye X.

Pr oof:

(i) = (ii) Assumethat A= (X;V, ,V,)isabipolar vague A-ideal of X andlet X, Y, Z € X using Definition 3.1, we get

Vi (y* (x* 2)) <max{V, (((x* 2)* 0)* (0* ¥)),V, (0)} =V, ((x* 2)* (0* y)) and

Va (y* (x* 2)) 2 min{V, ((x* 2)* 0)* (0% y)), V4 (O)} =V, (x* 2)* (0* y)).

(i) = (iii) taking z=0 in (ii) and using (1) induce (iii)

(iii) = (i) Notethat (X* (0* y))* ((x* 2)* (0* y)) < x* (X* 2) < Z fordl X,Y,Ze X. It follows from (jii) and Theorem
3.6 thatV, (y* x) <V, (x* (0* y) <max{V, ((x* 2)* (0* y)),Va (9} and V, (y* X) 2V, (x* (0* y) = min{V, ((x* 2)* (0* ),V (2)} -
Hence A= (X;V,,V,)isabipolar vague A-ideal of X.

Theorem 3.8: Assumethat X isassociative, i.e,, X satisfiesthe following identity:

((x* y)* z=x*(y* 2) . Fordl X,Y,Z€ X, then every bipolar vague ideal is a bipolar vague A-ideal of X .

Proof: Let A=(X;V, ,V,) beabipolar vague ideal of aassociative BCl-algebraX . Since 0* x = xfor al xe X, it follows
that Y*X=(0*y)* X=(0*X)* y=x* y=x*(0* y)for dl X,y,Ze X. Therefore V, (y*X) =V, (x*(0*y))and
V, (y*Xx) =V, (x* (0% y))using Theorem 3.7, we conclude that A= (X;V, ,V, ) isabipolar vague A-ideal of X.

Theorem 39 LetA=(X;V,,V,) be a bipolar vague A-ideal of X. Then the st
Q={xe X |V, (X)=V,(0),V, (xX) =V, (0)} isan A-ideal of X..

Proof: Obviously ,0e Q. Let X,Y,Z€ X besuchthat (X*2)*(0*y)eQand ze Q. Then

V; (0) €V (y*X) < max{V; (x# 2) * (0% Y)), Vs (2)} =V (0) and

Vi (0) >V, (y*x)>min{V, ((x*2)*(0*Y)),V, (2} =V, (O)by using Definition 3.1. It follows that
Vi (y*x)=V, (0)and V, (y* X) =V, (0). Thatis, y* X€ 2. Therefore Q isan A-ideal of X .

Theorem 3.10: If A=(X;V,,V,)ad B=(X;V;,Vg ) betwo bipolar vague A-ideal of BCI-algebra X, then AN Bisa
bipolar vague A-ideal of X .

Proof:V, (0) <V, (X) and Vg (0) <V, (x)for @l xe X maqV, (0),V, (0)} < max{V, (x),Vs ()} =V,5(0) <V, 5 (x) for all
x e X. To verify second condition, v, (yx)<max{V, ((x+2)* (0 y)).Vs (2} 8d Vg (y* X) < max{Vg ((x* ) * (0* y)),Vg (2)} -
max{V, (y*X),Vg (y*x)} < max{max{V, ((x* 2) * (0= y)),V, (2)}, max{Vy ((x* 2) * (0 y)),Vg (2)} }
Vs (Y * X) < max{max{V, ((x* 2) * (0% y)),Vg ((x* 2) * (0% y))}, max{V, (2),V; (2)}}

Vo s(YeX) <max{V, z((x*2)*(0*Yy)),V,5(2}. And V. (0) 2V, (x)andVy (0) >V (X)for alxe X.
min{V, (0),V, (0)} > min{V; (X),V, (X)} =V, 5(0) >V, s(X)for al xe X. To veify second condition,
Vi (y#x) 2 minfV,; ((x* 2) * (0* y)),V, (2)} andv;; (y = x) > min{Vy (x* 2) * (0% )),Vg (2} - min{V, (y* X),Vg (¥ * X)}
> min min{V; ((x* 2) * (0% Y)),V, (2}, min{V (x* 2) * (0% y)), Vi (2)})

Vane (Y #X) = min{min{V, ((x * 2) * (0% y)),Vg ((x* 2) * (0* y))}, min{V, (2),V5 (2)}}

Vi g(y*x)>min{V, o ((x*2)* (0% y)),V. g (2)} for al X,y,Ze X. Therefore A Bis a bipolar vague A-ideal of
X.

Definition 3.11: For abipolar vague set A= (X;V,,V,)in Xand (@,b) [0 and(mg) €[-1,0], the positive (a,b) -
cut and negative (MQ)-cut are denoted by A.pmadA,,. ad ae defined as follows:
Ay =txe X/ta(¥)>a and 1- f (X)) >b}and A, ={xe X/t (X) <mand —1-f (X)<g}, respectively
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with & +b <land M+g=-1. The bipolar level-cut of A= (X;V,,V,)denoted by A,,is denoted to be the set
Au =< Aa 0y Amg) >

Theorem 3.12: A bipolar vague set A= (X;V,,V,)in Xisabipolar vague aidea of X if and only if for al (&,b) [01]
and (MQ) €[—1,0], the non-empty positive (&, ) -cut and the non-empty negative (M Q) -cut are bipolar vague A- ideals of
X.

Proof: Let A= (X;V,,V, ) isabipolar vague A-ideal of X and assume that AY;,b) and A, arenon-empty for
@,b) [0 and(Mg) €[-1,0] . Obviously, 0e A, ) N A - Let X, Y, Z€ X be such that

ta((x*2) *(0*y)) € Ay and 1,(2) € A dso =1 f, ((X*2) #(0* y)) € A pyand—1-f, (2) € A,y - Then
ta((x*2)*(0*xy))<mandt,(z)<maso —1-f, ((Xx*2))*(0*y))<g and —1—- f, (2) <g Itfollowsfrom
Definition 3.1 That t,(y* X) < max{t,((x*z)*(0*y)), t,(2)} < mand

—1-f, (y*x) <max{t,((x*2)*(0*y)), t,(2)} <g sothat y*Xe A, . Now assume that

ta((x*2)* (0% y)) € A, pyand t4(2) € A pydso 1 f (X2 *(0* y)) € A, ,yand1— f,(2) € A 1. Then
ta((x*2)*(0*y))>a andt,(z)>a dsol-f, ((x*2)*(0xy))>b and1- f;(2) > b itfollowsfrom
Definition 3.1that t, (y*Xx) > min{t,((x*2)*(0*y)),t,(2)} =a and  1- f; (y*Xx)>min{t,((x*2)*(0*Yy)), t,(2)}>b
sothat Y*Xe Ay ). Therefore Ay ) and A, arean A-ideal of X.

Conversely, suppose that the non-empty negative (IM Q) -cut and the non-empty positive (& ,0) -cut are A-idealsof X for
every (@,b) €[01]and(mQg) €[-10].1f t,(0) >t (a), —1- f, (0) >-1- f, (a) or t,(0) <t; (D),
1- f;(0)<1- f, (b)forsome a,be X ,then O ¢ At i@y % OF At a1 r: @y TTisisacontradiction. Thus

t,(0)<t,(x), -1-f,(0)<-1-f,(X)and t,(0) >t,(X),1- f, (0)>1- f, (X)foral xe X .Assumethat
t,(b*a) > max{t,((a*c)*(0*b)),t,(c)} =m and

—1- f, (b*a)>max{-1- f, ((a*c)*(0+*b)),-1- f, (c)} =g for some a,b,ce X . Then (a*c)*(0*b) e A,
and Ce A, butb*ag A . Thisisimpossible, and thus t, (y * X) < max{t, ((x* z) * (0* y)),t,(2)} for all

X,y,ze X . 1f t;(b*a) < min{t,((a*c)*(0*b)),t,(c)} =a ad

1-f, (bxa) <min{l- f, ((@*c)=*(0+*b)),1- f, (c)} = b forsome a,b,ce X . Then (a* c) * (0*b) € A ;) and
Ce A, pbutb*ag A . Thisisimpossible, and thus t, (y * X) > min{t, ((x* 2) * (0* y)),t . (2)} foral X, y,Zze€ X.
Consequently A= (X;V,,V, ) isabipolar vague A-ideal of X
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