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INTRODUCTION

The main objective of sampling is to estimate the population mean of the study variable on the basis of selecting a random sample
of size n from the population of sizeN. In this connection, a finite population U = {U;, U,, ..., Uy} of N distinct and identifiable
units has been considered for the estimation of the finite population mean. Let Y(X) denote the study (auxiliary) variable taking
values Y;(X;),i = 1,2, ...,N and is measured onU;. Ratio estimator is used to improve the precision of the estimator based on
SRSWOR sample mean by making use of the information of auxiliary variable which is positively correlated with that of the study
variable. For a detailed discussion on the ratio estimator and its related problems the readers are referred to the text books by
Cochran (1977) and Murthy (1967).

The efficiency of the ratio estimator can be improved further with the help of known parameters of the auxiliary variable such as,
correlation coefficient, coefficient of variation, Skewness, Kurtosis, Quartiles etc. The resulting estimators are called in literature
as modified ratio estimators. See for example Adepoju and Shittu (2013), Das and Tripathi (1978), Diana, Giordan and Perri
(2011), Gupta and Shabbir(2008), Kadilar and Cingi (2004), Kadilar and Cingi (2006a, 2006b), Koyuncu (2012), Koyuncu and
Kadilar (2009), Shittu and Adepoju (2013), Singh and Agnihotri (2008), Singh and Tailor(2003), Sisodia and Dwivedi (1981),
Subramani and Kumarapandiyan (2012a, 2012b) and the references cited there in. Recently a new median based ratio estimator
that uses the population median of the study variableYhas been introduced by Subramani (2013). From the median based ratio
estimator, themedian based modified ratio estimators are developed by Subramani and Prabavathy (2014a, 2014b, 2015). Recently
Jayalakshmi et.al (2016), Srijaet.al.andSubramani et.al (2016) have introduced some ratio cum median based modified ratio
estimators for estimation of finite population mean with known parameters of the auxiliary variable such as kurtosis, skewness,
coefficient of variation and correlation coefficient and their linear combinations. In this paper, some more ratio cum median based
modified ratio estimators with known quartiles of the auxiliary variable and their linear combinations are introduced. Before
discussing about the proposed estimators, we present the notations to be used and are as follows:
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o £= ':-" N, Sampling fraction
o G ?I, finite population correction
e XY ~Population means
o X¥ ~Sample means
o et o Population standard deviations
° Suy = Population covariance between Xand ¥
° C,;{'I'.'.];} ~ Co-efficient of variation of ® (¥)
U - 5"5.‘1' _Co-efﬁcient of correlation between * and ¥
Br= “JJ - .
o u“z , Skewness of the auxiliary variable
° B2 = E?Kurtosis of the auxiliary variable wherepy = lli (X, - X"
o Q_ First(lower) quartile of the auxiliary variable
° Q. Third(upper) quartile of the auxiliary variable
° M (m) - Population (sample) Median of the study variable
° B() “Bias of the estimator
o MSE(.) ~Mean squared error of the estimator
U V() “Variance of the estimator
° g'Simple random sampling without replacement (SRSWOR) sample mean
° Yr - Ratio estimator

o ¥Yu —Median Based Ratio Estimator
F=1
_:th
o Y~ Proposed median based modified ratio estimator of v

° Q First(lower) quartile of the auxiliary variable

1.1.Existing Estimators

In case of SRSWOR, the sample mean 1is used to estimate population mean which is an unbiased estimator. The SRSWOR
sample mean together with its variance is given below:

? == _E:L! (1)
V(i === "
where = 2,8 ===TFN.(v,-%

The ratio estimator for estimating the population mean of the study variable is defined as

§ —Iv_@y
h=IX=R% ) 3
The mean squared error of TR is given below:

- . ! ,
MSE(Yx) = Y2{C}y + Ciy — 2G5} @)

v . Vi : Coviy.2)

where 97 =7 Ox =g Gx = Tap

The modified ratio estimator ¥ with known parameter A of the auxiliary variable for estimating the finite population mean Yis
defined as

=36 ]

The mean squared error of ¥ is as follows:

=5l

)

MSE(%s) = 872(C} + 67 CZ — 2p8,C,C;) ©)
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PROPOSED ESTIMATORS

In this section, some more ratio cum median based modified ratio estimators with known linear combinations of the known

parameters of the auxiliary variable like First Quartile Q: and Third Quartile Qz in line with the ratio cum median based modified
ratio estimators by Jayalakshmi et.al (2016), Subramani et.al (2016) and Srija et.al (2016). The proposed estimators together with
their mean squared errors are given below:

Case i : The proposed estimator with known First Quartile Qs

= — M+ =

T, =5 {os (222 + o, (B2) :
: (7

Case ii: The proposed estimator with known Third Quartile Qzjs

T, = 7{a (D) + o () ®)

DERIVATION OF BIAS AND MEAN SQUARED ERRORS OF PROPOSED ESTIMATORS

The following theorem 2.0, will be useful to derive the bias and the mean squared errors of the proposed ratio cum median based
modified ratio estimators with known quartiles and their functions given in (7) to (8).

Theorem 2.0: In SRSWOR, ratio cum median based modified ratio estimator

'ﬁ:, = 3_?{11; (:%11"} + o (i:j} where a; +a; =1

T

, for the known parameter “iis not an unbiased estimator for its

population mean ¥ and its bias and MSE are respectively given as:
s Y - B(m)
H(YF'I.) =1 0y 8" Com — 9 qm —6; )+ sy {':ﬂl Cax — IPIC}'!)

MSE(Y,,) = T2{C)y + al67Clum + ad @ Cloe — 20,8, Cm — 2030, Cye + 205 03 819; Cimn}
M X . Cov(x,m)

where 8 = 03T ® " ¥rT == "wx

Proof:

Vo =7lea(53) + 2= (33

Consider Fi
where 1 +@; =1

¥:The SRSWOR sample mean of the study variable ¥

M: The sample median of the study variable Y

M. The population median of the study variable v

Ti: The known parameter or ratio of parameters of the auxiliary variable A

o R .
Let®s =% , T % and 2~ %
M-M Bim)
= E(ep) =0 E(ey) == =" and E(e2) =0
v( t'{m) Vix)

= E(ed) = 0 ” e =02 g = 22,

Blyen) = cm—ﬁw Blepen) = SHOD), p(e,e,) = oM

The estimator 1rl’:‘ can be written in terms of %1 and ®:z as

o M+T; X+%
Yp, = Y1 +e) {ﬂ: (m) R (R(l +::l + T1.)}

g _va }{ ( M+ T; )4_ ( X4T; )}
M= telia M + T;) + Me, e = (X +T) +Xe:
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1 5 1
M o

1+(M+1’,-)’1 I 1+(gf—11_]e:
X

1 1 M
=?P| - ?{1 * EI":I][“JL(I +ﬁ1-el) * a:(l -i-(ple.:]] :'L?here a. o M +T'|'q:.t -i +T|

- ?Pi = V(1 +egXay (1 +8je)™" +ay(1 + e, )™}

=5 ﬁi =Y +e) 0,

Neglecting the terms of higher order, we have

Yo, = Y01 + o )as (1 - 8¢, + 8,%]) + aa(1 - pie; + 97ed)]

?F; = Vay (1 + e — e, — Bjege, + 8;7¢l) + az(l + € — pie; — Piege; + @y%ed))
= fPi =Y{1+ e, + a.(—8,e, — B0, + 0,%¢}) + a;(—pie: — @iepe, + @;7ed)]
?p,- -V =Tle; — a;(Bie, + 0600, — 8;%¢}) — az(pje: + piege: — p*ed)} (12)

Taking expectations on both sides of (10) one can have,

= = = 3 a s s
E¥p, — T) = Y{E(ey) — aiE(8ie; + Biee; — 6,7el) — a:Elpre; + piese; — @ 7ed)}

.V(m) _ B(m) Cov(y. m) _V@E) Cov(¥. %)
= £(%, - 1) =V {a (0 7 - 0 - 0 ) s o R - 0 )}
Brm)

= B{?pij =Y {“:(Et;cﬁm - Bic_':'m - 6§ T) + “:{‘-F'lzc;cx = ’-F"lc;'x)}
Squaring on both sides of (10) neglecting the terms of higher order and taking expectation on both sides one can get,

mse(T,,) = E(?p.‘—?): = PEle, — a,0;6; — asq@e;)

E[i,i — ?]- = ?E{E[EE] + a, 268, Elel) + a::t.pi:E{e:-f] - EuLHiE{Enel) — 2a.pElege.) + 2u1u:Hi¢iE(ele.:]}

=
After a little algebra, the mean squared error of Tp is obtained as
L (viF) . - V(m) Cov{y, m) . Viw) Covl(y.%)
MSE(?E) =Y [?: +a,°8; ™E ﬂtﬁ,—"ﬁ‘—*+ 02" @ “ﬁ;‘uia:m.—'ﬁ—
Covim.%)
+ Eﬂiﬂzﬂ.‘-‘-PiT]

& w2l Inipt 2. 20 ' ' '
vat 1o, MSE(Te,) = Y2(Cy + 036 Clam + 030 Chy — 20481Cin — 20204 G + 2614 4:0;p1Ch)

Hence the proof.

The derivation of bias and the mean squared errors of the proposed ratio cum median based modified ratio estimators with known
quartiles and their functions given in (7) to (8) are presented in the following theorems.

Theorem 2.1: In SRSWOR, ratio cum median based modified ratio estimator

?pl =¥ {ﬂl (M"-) + o (Hi)} wherea; +a; =1

m=+y 2+

population mean ¥ and its bias and MSE are respectively given as:

, for the known parameter Qi is not an unbiased estimator for its

’ B(m) )
B(?h) =% [“1 (altctrm =8 Cm — 8 T) + oz Chx - ‘P-%:)}
MSE(?M) = V*{Cly + ai6 Coum + a3 Cix — 2018 Ciy — 202G + 20,8289 Cim}

M X

here 8, = ————, ¢, ==——
Whnere oy M+Q1 Leer X+Q1

Proof: By replacing T: = Q1 in Theorem 2.0 the proof follows.
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Theorem 2.2: In SRSWOR, ratio cum median based modified ratio estimator

% =l (2 0y _
Yp, =¥ + oz |—=)iwherea; +a; =1

=¥ 1('ﬁ'"‘h) G (!"11 } o H , for the known parameter Qiis not an unbiased estimator for its
population mean Y and its bias and MSE are respectively given as:

. . . Bm) . ,
B(%.) = P {es (67Com ~ 81Cpm ~ 0 231 ) + s ~ 1)}
MSE(%, ) = T2(Cy + af6fClum + ad @ Cix, — 2014 68/Cirn — 202 9(Cyx + 20t &3 8;69; Ci)

M
M+Q, ¥~ X+0Q

=

where 8; =

Proof: By replacing T: = Qs in Theorem 2.0 the proof follows.

NOTE 2.1: The proposed estimators are written into a class of estimators with the population parameter Tiis

% = ?{ui (f:'—:‘l) +a (i’f;-l)}

9
where a, +a-. = 1. i= 12
The mean squared error of proposed estimator is given as
MSE(T,,) = 72(Cpy + a§ 07 Cinm + a8 97Cix — 20 8,Cyy — 2079, + 2081t 0,69, Cira) (10)
rere 6 = M _ X , _ Cov(x,m)
where O = M+ T P T X T m T T ax
T,=Q.T: =Q;

3. EFFICIENCY COMPARISON

In this section, the efficiencies of proposed estimators given in (15)are assessed with that of SRSWOR sample mean ratio
estimator and modified ratio estimators in terms of variance/mean squared error. The results are as follows:

3.1 Comparison with that of SRSWOR sample mean

Comparing (10) and (2), it is noticed that the proposed estimators perform better than the SRSWOR sample mean if

mse(%,) < v@

aidf Com + 03] Cx + 20,0200 Cory, < 2(@1 80y + 2290,C) (11)

3.2 Comparison with that of Ratio Estimator
=
! N
Comparing (10) and (4), it is noticed that the proposed estimators perform better than the ratio estimator if MISE(?FJ = 15E(YR]
ie.,

uial:c'llﬂ‘-m + (a‘iq:i: X 1){:;:2: + Zﬁlﬁ:E:‘P.c;'m - ziﬁialc;m + (@ — 1JC;'.':} (12)
3.3 Comparison with that of Modified Ratio Estimators

Comparing (10) and (6), it is noticed that the proposed estimators perform better than the modified ratio estimators.

msE(Tp, ) = Mse(T)

That is, if
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18] Com + (i — D Cx + 20,0280 G < 3[*119:‘3}15 + (@ — 1)o; C-,':] (13)

4. NUMERICAL COMPARISON

In the section3, the conditions for the efficiency of proposed estimators given in (9) with that of existing estimators have been
derived algebraically. To support it by means of numerical comparison, data of a natural population from Singh and Chaudhary
(1986, page.177) has been considered.

Population Description

X= Area under Wheat in 1971 and Y= Area under Wheat in 1974
The population parameters computed for the above population is given below:

N_ 34 n_ 3 V-856.4118
p=0.4491 M= 7675 X=08.8824
Qi— 9425 Q= 25475

The variance/mean squared error of the existing and proposed estimators at different values of ®1and ®z are given in the following
table

Table 4.1. Mean Squared Errors for different values of ajand a;

Existing Estimators
SRSWOR Sample mean ¥y 163356.41
Ratio Estimator Ve 155579.71
Y 133203.49
v, 131204.42
Modified Ratio Estimators =
1?3 130523.62
A 134533.03
Y 130420.55
Proposed Estimators
@y 1153 1l‘._"pnl -\_'3
0.1 0.9 123612.14 123008.79
0.2 0.8 115064.72 115572.39
0.3 0.7 107561.22 108895.23
04 |06 101101.65 10297731
0.5 0.5 95686.01 97818.62
06 | 04 91314.30 93419.16
0.7 0.3 87986.51 89778.94
0.8 0.2 85702.65 36897.96
0.9 0.1 84462.72 84776.21

From Table 4.1, it is observed that the proposed estimators discussed in (9) have less mean squared errors than the SRSWOR
sample mean, ratio estimator and the modified ratio estimators. The percentage relative efficiencies (PRE) of the proposed

MSE(e)
PRE(e.p) = = » . .
e.p) =\ ®) and are given in the

estimators with respect to the existing estimators are obtained by using the formula
following table:

Table 4.2. PRE of proposed estimators with respect to SRSWOR sample mean

ﬂ'l (e & ] fPl ‘;FZ

0.1 0.9 132.15 132.80
02 |08 141.97 141.35
03 |07 151.87 150.01
04 | 0.6 161.58 158.63
0.5 |05 170.72 167.00
06 | 04 | 178.89 174.86
0.7 103 185.66 181.95
0.8 |02 190.61 187.99
09 | 0.1 19341 192.69
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Table 4.3. PRE of proposed estimators with respect to Ratio Estimator

0.1 |09 | 125.86 126.48
02 | 0.8 | 13521 134.62
03 | 0.7 | 144.64 142.87
04 | 0.6 | 153.88 151.08
0.5 |05 | 162.59 159.05
0.6 | 04 | 17038 166.54
0.7 |03 176.82 173.29
0.8 |02 | 181.53 179.04
09 | 0.1 184.20 183.52

oy | &2 \_'pl ?1

Table 4.4. PRE of proposed estimators with respect to Modified Ratio Estimators

€y L] ?Pl Yz

0.1 109 | 107.76 106.66
02 |08 115.76 113.53
03 107 123.84 120.49
04 106 | 131.75 127.41
05 105 139.21 134.13
0.6 | 04 | 145.87 140.45
0.7 103 151.39 146.14
08 |02 | 15543 150.99
09 101 157.71 154.77

From Tables 4.2, 4.3 and 4.4, it is observed that the PRE values of the proposed estimators with respect to SRSWOR sample
mean, ratio estimator and modified ratio estimators are greater than 100 and hence we conclude that the proposed estimators are
efficient estimators.

In fact the PREs are ranging from

e 132.15t0 193.41 for the case of SRSWOR sample mean
125.86 to 184.20 for the case of ratio estimator
e 106.66 to 157.71 for the case of modified ratio estimators

SUMMARY

In this paper we have proposed some more ratio cum median based modified ratio estimators with the known parameters such as

quartiles Q: and Qof the auxiliary variable and their linear combinations. The efficiencies of the proposed ratio cum median
based modified ratio estimators are assessed algebraically as well as numerically with that of SRSWOR sample mean, ratio
estimator and some of the modified ratio estimators. Further it is shown from the numerical comparison that the PREs of proposed
ratio cum median based modified ratio estimators with respect to the existing estimators are more than 100. Hence the proposed
ratio cum median based modified ratio estimators with known quartiles may be recommended for the use of practical applications.
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