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ARTICLE INFO ABSTRACT 
 

 
 

In this paper, common fixed point theorems of f-contraction mapping have been established with 

generalized altering distance function. Existence and uniqueness of common fixed point off-

contraction mapping with generalized altering distance function in partially ordered metric spaces 

satisfying occasionally weakly compatible maps are proved.  
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INTRODUCTION 
 
Fixed point theory is among the fundamental tool of nonlinear functional analysis. Banach (1922) showed that every contraction 

mapping on a complete metric space always possess a unique fixed point. This study focused on proving the existence and 

uniqueness of common fixed points of f-contraction mapping defined on complete metric spaces endowed with a partial order by 

using generalized altering distance functions. I tried to answer the question how can we prove the existence and uniqueness of 

common fixed points of f-contraction mappings defined on complete metric spaces endowed with a partial order by using 

generalized altering distance functions satisfying occasionally weakly compatible?. Su (2014) proved the following fixed point 

theorem, which is the generalized type of Yan et al. (2012); Let (X, ≼) be a partially ordered set and suppose that there exists a 

metric din X such that (X, d)is a complete metric space. Let T ∶ X → X be a continuous and non-decreasing mapping such that 

 

𝜂(𝑑(𝑇𝑥, 𝑇𝑦)) ≤ 𝜙(𝑑(𝑥, 𝑦)), ∀𝑦 ≼ x, 

 
where  𝜂is a generalized altering distance function and  𝜙: (0, ∞) → (0, ∞)is a right uppersemi-continuous function with the 

condition: 𝜂(𝑡) > 𝜙(𝑡)for all𝑡 > 0.If there exists𝑥0 ∈ 𝑋such that  𝑥0 ≼ 𝑇𝑥0,then T has a fixed point. Many results appeared 

related to fixed point theorem in complete metric spaces endowed with a partial ordering ≼ in the literature (Amini-Harandi, 2010; 

Naidu, 2013; Suzuki, 2008; Yan, 2012). Inspired and motivated by the results mentioned on (Su, 2014), I extend the main theorem 

of (Su, 2014) to f-contraction mapping in a complete metric space endowed with a partial order by using generalized altering 

distance functions satisfying occasionally weakly compatible maps and proved the uniqueness of the common fixed point 

obtained. Examples are given to show that my results are proper extension of the existing one. In (Arvanitakis, 2003; Amini-

Harandi, 2010; Beg, 2006; Boyd, 1969; Chidume, 2002; Choudhury, 2000), the researchers proved some types of weak 

contractions in complete metric spaces. In particular the existence of a fixed point for weak contraction is extended to partial 

ordered metric spaces under the works of (Amini-Harandi, 2010; Choudhury, 2000; Tesfaye Megerssa Oljira, 2012).  
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Definition 1.1 (Tesfaye Megerssa Oljira, 2019) A function 𝜂: [0, ∞) → [0, ∞) is called an altering distance function if the 

following properties are satisfied: 

 

a.𝜂is continuous and monotonically non-decreasing. 

 

b.𝜂(𝑡) = 0 if and only if 𝑡 = 0. 

 

Example The following function is an altering distance function: 

 

𝜂(𝑡) = {
0,   𝑡 = 0    
𝛽𝑡,   𝑡 ≥ 1,

where 𝛽 ≥ 1. 

 

Altering distance functions have been used in metric fixed point theory in a number of papers. Some of the works utilizing the 

concept of altering distance function are noted in (Babu et al., 2007; Choudhury, 2005; Khan, 1984; Sastry, 1999) (Babu et al., 

2007; Choudhury, 2005 Khan et al., 1984; Sastry et al., 1999).  

 

Definition 1.2 (Tesfaye Megerssa Oljira, 2019) We shall say that the mapping  𝑆 is f-non-decreasing (resp. f-non-increasing) if  

𝑓𝑥 ≼ 𝑓𝑦 ⇒ 𝑆𝑥 ≼ 𝑆𝑦 (respectively 𝑓𝑥 ≼ 𝑓𝑦 ⇒ 𝑆𝑦 ≼ 𝑆𝑥) holds for each  𝑥, 𝑦 ∈ 𝑋. 

 

Definition 1.3 (Akram and Shamailac, 2015) A point 𝑦 ∈ 𝑋is called point of coincidence of two mappings 𝑓, 𝑆: 𝑋 → 𝑋if there 

exists a point 𝑥 ∈ 𝑋such that 𝑦 = 𝑓𝑥 = 𝑆𝑥. In this case 𝑥 is called the coincidence point of 𝑓 and 𝑆 and the set of coincidence 

points of 𝑓 and 𝑆 is denoted by 𝐶(𝑓, 𝑆). If 𝑥 = 𝑦, then 𝑦 is called common fixed point of 𝑓 and 𝑆.  

 

Definition 1.4 (Pant et al., 2012) Let 𝑓and 𝑆be self maps of a metric space (𝑋, 𝑑). The pair (𝑓, 𝑆) is called occasionally weakly 

compatible (OWC) if there exists 𝑥 ∈ 𝑋which is a coincidence point for  𝑓 and  𝑆 at which 𝑓 and 𝑆 commute (i.e. if 𝑓(𝑆(𝑥)) =
𝑆(𝑓(𝑥)) for some 𝑥 ∈ 𝐶(𝑓, 𝑆)). 

 

Theorem 1.1(Su, 2014) Let(X, ≼) be a partially ordered set and suppose that there exists a metric 𝑑onX such that (X, d)is a 

complete metric space. Let T ∶ X → X be a continuous and non-decreasing mapping such that 

 

𝜂(𝑑(𝑇𝑥, 𝑇𝑦)) ≤ 𝜙(𝑑(𝑥, 𝑦)), ∀𝑦 ≼ x, 

 
where 𝜂 is a generalized altering distance function and 𝜙: (0, ∞) → (0, ∞)is a right upper semi-continuous function with the 

condition: 𝜂(𝑡) > 𝜙(𝑡)for all 𝑡 > 0. If there exists 𝑥0 ∈ 𝑋such that 𝑥0 ≼ 𝑇𝑥0, then T has a fixed point.  

 

If (𝑥𝑛) is a non-decreasing sequence in 𝑋 such that 𝑥𝑛 → 𝑥 then 𝑥𝑛 ≼ 𝑥 for all 𝑛 ∈ ℕ. (a) 

 

Theorem 1.2 (Su, 2014) Let (X, ≼) be a partially ordered set and suppose that there exists a metric d in X such that (X, d) is a 

complete metric space. Assume that 𝑋 satisfies (a). Let T ∶ X → X be a continuous and non-decreasing mapping such that 

 

𝜂(𝑑(𝑇𝑥, 𝑇𝑦)) ≤ 𝜙(𝑑(𝑥, 𝑦)), ∀𝑦 ≼ x, 
 

where 𝜂 is a generalized altering distance function and 𝜙: (0, ∞) → (0, ∞) is a right upper semi-continuous function with the 

condition: 𝜂(𝑡) > 𝜙(𝑡) for all𝑡 > 0. If there exists 𝑥0 ∈ 𝑋 such that 𝑥0 ≼ 𝑇𝑥0, then T has a fixed point. 

 

for 𝑥, 𝑦 ∈ 𝑋 there exists 𝑧 ∈ 𝑋 which is comparable to 𝑥 and 𝑦                                   (b) 

 

Theorem 1.3  (Su, 2014) Adding the condition (b) to the hypothesis of Theorem 1.1 (resp. Theorem 1.2) we obtain the uniqueness 

of the fixed point of  𝑇. 

 

Theorem 1.4 (Tesfaye Megerssa Oljira, 2016) Let(𝑋, ≼)be a partially ordered set and suppose that there exists a metric 𝑑on 𝑋 

such that (𝑋, 𝑑)is a complete metric space. Let  𝑓, 𝑇: 𝑋 → 𝑋be two continues self maps on 𝑋 satisfying the following conditions: 
 

i) 𝑇𝑋 ⊂ 𝑓𝑋; 

ii) 𝑓𝑋 is closed; 

iii) 𝑇 is f-non-decreasing; 

iv) There exists 𝑥0 ∈ 𝑋 such that 𝑓𝑥0 ≼ 𝑇𝑥0; 

v) If 𝑧 ∈ 𝐶(𝑓, 𝑇), then 𝑓𝑧 ≼ 𝑓(𝑓𝑧)such that𝜂(𝑑(𝑇𝑥, 𝑇𝑦)) ≤ 𝜙(𝑑(𝑓𝑥, 𝑓𝑦)) ∀𝑥, 𝑦 ∈ 𝑋 with 𝑓𝑦 ≼ 𝑓𝑥,where 𝜂 is an altering 

distance functions and 𝜙: (0, ∞) → (0, ∞)is a right uppersemi-continuous function with the condition 𝜂(𝑡) > 𝜙(𝑡)for all 𝑡 >
0 and 𝜙(𝑡) = 0 ⇔ 𝑡 = 0. Then 𝑓 and 𝑇 have a coincidence point. Furthermore if 𝑓 and 𝑇 are occasionally weakly 

compatible maps, then 𝑓 and 𝑇 have common fixed point in 𝑋. 
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2. MAIN RESULT 
 
Assuming the following hypothesis in 𝑋:  

 

If {𝑦𝑛} is a non-decreasing sequence in 𝑋such that𝑦𝑛 → 𝑦then 𝑦𝑛 ≼ 𝑦 for all 𝑛 ∈ ℕ.(1) 

 

Theorem 2.1 Let (𝑋, ≼)be a partially ordered set and suppose that there exists a metric 𝑑on𝑋 such that (𝑋, 𝑑)is a complete metric 

space. Assume that 𝑋 satisfies (1). Let  𝑓, 𝑇: 𝑋 → 𝑋 be two self maps satisfying the following conditions: 

 

i)𝑇𝑋 ⊂ 𝑓𝑋; 

ii)𝑓𝑋 is closed; 

iii)𝑇 is f-non-decreasing; 

iv) there exists 𝑥0 ∈ 𝑋 such that 𝑓𝑥0 ≼ 𝑇𝑥0; 

v)if 𝑧 ∈ 𝐶(𝑓, 𝑇), then 𝑓𝑧 ≼ 𝑓(𝑓𝑧) 

such that 

𝜂(𝑑(𝑇𝑥, 𝑇𝑦)) ≤ 𝜙(𝑑(𝑓𝑥, 𝑓𝑦)) ∀𝑥, 𝑦 ∈ 𝑋 with 𝑓𝑦 ≼ 𝑓𝑥,          (2) 

 

where 𝜂 isan altering distance functions and 𝜙: (0, ∞) → (0, ∞)is a right upper semi-continuous function with the condition 

𝜂(𝑡) > 𝜙(𝑡)for all 𝑡 > 0. Then 𝑓 and 𝑇 have a coincidence point. Furthermore if 𝑓 and 𝑇 are occasionally weakly compatible 

maps, then 𝑓 and 𝑇 have common fixed point. 

 

Proof Suppose there exists 𝑥0 ∈ 𝑋 such that 𝑓𝑥0 ≼ 𝑇𝑥0. Since 𝑇𝑋 ⊂ 𝑓𝑋, we can choose 𝑥1 ∈ 𝑋 such that 𝑓𝑥1 = 𝑇𝑥0. Again 

from𝑇𝑋 ⊂ 𝑓𝑋, we can choose𝑥2 ∈ 𝑋 such that 𝑓𝑥2 = 𝑇𝑥1. Continuing this process, we can choose a sequence {𝑦𝑛} in 𝑋 such that  

 

𝑦𝑛 = 𝑓𝑥𝑛+1 = 𝑇𝑥𝑛, ∀𝑛 ≥ 0.  (3) 

 

By similar procedure we followed in Theorem 1.4, we can show that the sequence {𝑦𝑛} is a Cauchy sequence in 𝑋. Since (𝑋, 𝑑) is 

a complete metric space and using (2), {𝑦𝑛} ⊂ 𝑓(𝑋) where 𝑦𝑛 = 𝑓𝑥𝑛+1 for each 𝑛 ≥ 1 and 𝑓(𝑋) is closed, then there exists 𝑝 ∈ 𝑋 

such that𝑦 = 𝑓𝑝. Now we prove that 𝑇𝑝 = 𝑦. Then, by the continuity of 𝜂 and the upper semi-continuity of  𝜙, using the condition 

(2), we have  
 

𝜂(𝑑(𝑇𝑝, 𝑦)) = 𝜂 (𝑑 (𝑇𝑝, lim
𝑛→∞

𝑇𝑥𝑛)) 

 

= lim
𝑛→∞

𝜂(𝑑(𝑇𝑝, 𝑇𝑥𝑛)) 

≤ lim
𝑛→∞

𝜙(𝑑(𝑓𝑝, 𝑓𝑥𝑛)) 

≤ lim
𝑛→∞

𝜂(𝑑(𝑓𝑝, 𝑓𝑥𝑛)) 

= 𝜂 ( lim
𝑛→∞

𝑑(𝑓𝑝, 𝑓𝑥𝑛)) 

= 𝜂 (𝑑 (𝑓𝑝, lim
𝑛→∞

𝑓𝑥𝑛)) 

= 𝜂(𝑑(𝑓𝑝, 𝑓𝑝)) = 𝜂(0) = 0. 

 

This implies that 𝜂(𝑑(𝑇𝑝, 𝑦)) = 0 and hence 𝑇𝑝 = 𝑦. 
 

Thus  
 

𝑦 = 𝑇𝑝 = 𝑓𝑝.  

 

This implies that 𝜂(𝑑(𝑇𝑝, 𝑦)) = 0 and hence 𝑇𝑝 = 𝑦. 
 

Thus  
 

𝑦 = 𝑇𝑝 = 𝑓𝑝 

 

Thus 𝑝 is the coincidence point of 𝑓 and 𝑇, which implies that 𝐶(𝑓, 𝑇) ≠ ∅. Since 𝑓 and 𝑇 are occasionally weakly compatible 

pair of self maps, 𝑓 and 𝑇 commute at some point 𝑧 ∈ 𝐶(𝑓, 𝑇). 

 

Now set𝑤 = 𝑓𝑧 = 𝑇𝑧. Since 𝑓 and 𝑇 are occasionally weakly compatible, 

 

𝑓𝑤 = 𝑇𝑤. 

 

Now we claim that 𝑤 is a common fixed point of 𝑓 and 𝑇.  

 

Now if 𝑇𝑤 ≠ 𝑤, since by (v) of Theorem 2.1, 𝑓𝑧 ≼ 𝑓(𝑓𝑧) = 𝑓𝑤, we have  
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𝜂(𝑑(𝑇𝑤, 𝑤)) = 𝜂(𝑑(𝑇𝑤, 𝑇𝑧)) ≤ 𝜙(𝑑(𝑓𝑤, 𝑓𝑧)) ≤ 𝜙(𝑑(𝑇𝑤, 𝑤)) < 𝜂(𝑑(𝑇𝑤, 𝑤)), 

which is absurd. Hence,  𝑇𝑤 = 𝑤. 

 

Therefore 𝑓𝑤 = 𝑇𝑤 = 𝑤. 

 

Example 2.1.1 Let 𝑋 = {1,2,3,4,5}. We define a partial order “≼” on 𝑋 by  

 

≼= {(1,1), (2,2), (3,3), (4,4), (5,5), (2,3), (3,4), (2,4)}. 

 

Define a metric 𝑑: 𝑋 × 𝑋 → ℝ by 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦| for all 𝑥, 𝑦𝜖𝑋.  

 

Consider the mappings 𝑓, 𝑇: 𝑋 → 𝑋 defined by  

 

𝑓(1) = 1, 𝑓(2) = 2, 𝑓(3) = 2, 𝑓(4) = 3, 𝑓(5) = 4 and 

𝑇(1) = 1, 𝑇(2) = 2, 𝑇(3) = 2, 𝑇(4) = 2, 𝑇(5) = 2. 

Then 𝑇(𝑋) = {1,2} ⊂ {1,2,3,4} = 𝑓(𝑋) and 𝑓(𝑋) = {1,2,3,4} is closed. 

 

Next we show that 𝑇 is f-non-decreasing. 

 

2 = 𝑓(2) ≼ 𝑓(4) = 3 ⇒ 2 = 𝑇(2) ≼ 𝑇(4) = 2; 
2 = 𝑓(3) ≼ 𝑓(4) = 3 ⇒ 2 = 𝑇(3) ≼ 𝑇(4) = 2; 
3 = 𝑓(4) ≼ 𝑓(5) = 4 ⇒ 2 = 𝑇(4) ≼ 𝑇(5) = 2; 
2 = 𝑓(2) ≼ 𝑓(5) = 4 ⇒ 2 = 𝑇(2) ≼ 𝑇(5) = 2; 
2 = 𝑓(3) ≼ 𝑓(5) = 4 ⇒ 2 = 𝑇(3) ≼ 𝑇(5) = 2 
 

which shows that 𝑇 is f-non-decreasing. We also observe that 𝑓(1) ≼ 𝑇(1) and 𝑧 = 2 ∈ 𝐶(𝑓, 𝑇) = {1,2,3} such that 𝑓𝑧 ≼ 𝑓(𝑓𝑧). 

Further, 𝑓 and 𝑇 satisfy all the contraction conditions of Theorem 2.1 for 𝜂(𝑡) = 𝑡 and 𝜙(𝑡) =
1

2
𝑡, 𝑡 ≥ 0. Since 𝐶(𝑓, 𝑇) ≠ ∅, 𝑓 

and 𝑇 are occasionally weakly compatible maps. Moreover, 1 and 2 are common fixed points of 𝑓 and 𝑇. Hence the uniqueness of 

common fixed point of  𝑓 and 𝑇 is not guaranteed by the conditions of Theorem 2.1. Remark 1By choosing a map 𝑇 to be non-

decreasing and 𝑓 = Identity map in Theorem 2.1 we get Theorem 1.2 as a corollary to Theorem 2.1. 
 

 

Lemma 2.1. (Pant et al., 2012) Let X be a non-empty set, 𝑓and 𝑇are occasionally weakly compatible self maps of  𝑋. 

If 𝑓and 𝑇have a unique point of coincidence, 𝑤 = 𝑓𝑥 = 𝑇𝑥then 𝑤is the unique common fixed point of 𝑓and 𝑇.  

 

Proof: Let 𝑧 be a unique point of coincidence of 𝑓and 𝑇.  Then 𝑧 = 𝑓𝑥 = 𝑇𝑥 for some 𝑥 ∈ 𝑋 which implies that 𝐶(𝑓, 𝑇) ≠ ∅. 

Now since 𝑓 and𝑇 are occasionally weakly compatible maps,  𝑓𝑇(𝑢) = 𝑇𝑓(𝑢) for some 𝑢 ∈ 𝐶(𝑓, 𝑇). So, by the uniqueness of 𝑧, 

we have 𝑧 = 𝑓𝑢 = 𝑇𝑢 and hence 𝑓𝑧 = 𝑓𝑇(𝑢) = 𝑇𝑓(𝑢) = 𝑇𝑧, which again follows that 𝑧 = 𝑓𝑧 = 𝑇𝑧. Thus, 𝑧 is a common fixed 

point of 𝑓 and 𝑇.  Suppose now that there exists another common fixed point 𝑤 ∈ 𝑋 of 𝑓 and   𝑇.  

 

Then 𝑤 becomes a point of coincidence of 𝑓 and 𝑇. Consequently, by the uniqueness of point of coincidence we obtain, 𝑤 = 𝑧. In 

what follows, we give sufficient condition for the uniqueness of common fixed point of 𝑓 and 𝑇 in Theorems 1.4 and Theorem 

2.1? Theorem 2.2. In addition to the hypothesis of Theorem 1.4 and Theorem 2.1, suppose that 𝑓: 𝑋 → 𝑋 is non-decreasing and for 

every 𝑥, 𝑦 ∈ 𝑋 there exists 𝑧 ∈ 𝑋 which is comparable to 𝑥and𝑦.  Then 𝑓 and 𝑇 have a unique common fixed point in𝑋. 

 

Proof by Theorem 2.1, the set of common fixed points of 𝑓 and 𝑇 is non-empty.  

 

Suppose that there exist 𝑦, 𝑧 ∈ 𝑋 which are common fixed points of 𝑓and𝑇. We consider two cases. 

 
Case 1.If 𝑦 is comparable to𝑧, then 𝑦 = 𝑇𝑦 is comparable to𝑧 = 𝑇𝑧. So,  

 
𝜂(𝑑(𝑦, 𝑧)) = 𝜂(𝑑(𝑇𝑦, 𝑇𝑧)) ≤ 𝜙(𝑑(𝑓𝑦, 𝑓𝑧)) = 𝜙(𝑑(𝑦, 𝑧)). 

 

As the condition 𝜂(𝑡) > 𝜙(𝑡) for 𝑡 > 0, we obtain 𝑑(𝑦, 𝑧) = 0 which in turn implies 𝑦 = 𝑧. 

 
Case 2.If 𝑦 is not comparable to 𝑧, then there exists 𝑥0 ∈ 𝑋which is comparable to 𝑦 and 𝑧; i.e., either  𝑥0 ≼ 𝑦 and 𝑥0 ≼ 𝑧 or 𝑦 ≼
𝑥0 and 𝑧 ≼ 𝑥0.  

 

Without loss of generality let us take 𝑦 ≼ 𝑥0 and  𝑧 ≼ 𝑥0. 

 

Now  𝑥0 ≼ 𝑦 ⇒ 𝑓𝑥0 ≼ 𝑓𝑦, since 𝑓 is non-decreasing on 𝑋. 
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⇒ 𝑇𝑥0 ≼ 𝑇𝑦, since 𝑇 is 𝑓-non-decreasing on  𝑋. 

 

But 𝑇𝑋 ⊂ 𝑓𝑋. Then there exists 𝑥1 ∈ 𝑋 such that 𝑇𝑥0 = 𝑓𝑥1. It follows that 

 

𝑓𝑥1 ≼ 𝑦 = 𝑓𝑦. 

 

Since T is 𝑓-non-decreasing on  𝑋, this implies 

 

𝑇𝑥1 ≼ 𝑇𝑦 = 𝑦. 

 

Now again since 𝑇𝑋 ⊂ 𝑓𝑋, there exists 𝑥2 ∈ 𝑋 such that 𝑇𝑥1 = 𝑓𝑥2. This implies 

 

𝑓𝑥2 ≼ 𝑦 = 𝑓𝑦 
 

Proceeding this way, inductively we construct a sequence{𝑝𝑛} such that ∀𝑛 ≥ 0,  

 

𝑝𝑛 ≼ 𝑦,  

 

where 𝑝𝑛 = 𝑇𝑥𝑛 = 𝑓𝑥𝑛+1 for each 𝑛 = 0,1,2, ⋯. 

 

If there exists 𝑁 ∈ ℤ+ such that 𝑦 = 𝑝𝑁, then  

 

𝜂(𝑑(𝑦, 𝑝𝑁+1)) = 𝜂(𝑑(𝑇𝑦, 𝑇𝑥𝑁+1)) ≤ 𝜙(𝑑(𝑓𝑦, 𝑓𝑥𝑁+1)) = 𝜙(𝑑(𝑦, 𝑝𝑁)) = 0, 
 

which implies that 𝑦 = 𝑝𝑛 , ∀𝑛 ≥ 𝑁 and hence the sequence {𝑝𝑛} → 𝑦 as 𝑛 → ∞. 

 

Suppose that𝑦 ≠ 𝑝𝑛, ∀𝑛 ≥ 0. Then  

 

𝜂(𝑑(𝑦, 𝑝𝑛)) = 𝜂(𝑑(𝑇𝑦, 𝑇𝑥𝑛)) ≤ 𝜙(𝑑(𝑓𝑦, 𝑓𝑥𝑛)) = 𝜙(𝑑(𝑦, 𝑝𝑛−1))  (4) 

 

which implies that  

 

𝜂(𝑑(𝑦, 𝑝𝑛)) ≤ 𝜙(𝑑(𝑦, 𝑝𝑛−1)) < 𝜂(𝑑(𝑦, 𝑝𝑛−1)), ∀𝑛 = 1,2,3, ⋯. 

 

From the property of 𝜂, we notice that {𝑑(𝑦, 𝑝𝑛)} is a non-decreasing sequence and hence there exists 𝑏 ≥ 0 such that  

 

𝑑(𝑦, 𝑝𝑛) → 𝑏as 𝑛 → ∞. 

 

We claim that 𝑏 = 0. 

 

Letting 𝑛 → ∞in (4) and taking into account the properties of 𝜂 and𝜙, we obtain 𝜂(𝑏) ≤ 𝜙(𝑏). This and the condition 𝜂(𝑡) >
𝜙(𝑡)for 𝑡 > 0imply𝑏 = 0. Hence,   

 

lim
𝑛→∞

𝑑(𝑦, 𝑝𝑛) = 0. 

 

In similar line, it can be proved that  

 

lim
𝑛→∞

𝑑(𝑧, 𝑝𝑛) = 0. 

 

Finally, as 

 

lim
𝑛→∞

𝑑(𝑦, 𝑝𝑛) = lim
𝑛→∞

𝑑(𝑧, 𝑝𝑛) = 0,  

 

by the uniqueness of limit of a convergent sequence in metric spaces we obtain 𝑦 = 𝑧. This completes the proof.  

 

Remark 2 by choosing 𝑇 to be f-non-decreasing map in Theorem 2.2, we get Theorem 1.3 as a corollary to Theorem 2.1.The 

following is an example in support of Theorem 2.2. 
 

Example 2.2.1. Let 𝑋 = [−3,3] and define order relation “≼” on 𝑋 by 

 

𝑥 ≼ 𝑦 ⇔ {(𝑥 = 𝑦) 𝑜𝑟(𝑥 ∈ [−3,0]& 𝑦 ∈ [0,3])}. 
 

We observe that (𝑋, ≼) is partially ordered set. 
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Define 𝑑: 𝑋 × 𝑋 → ℝ by 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦| ∀𝑥, 𝑦 ∈ 𝑋. 

Consider the mapping 𝑓, 𝑇: 𝑋 → 𝑋defined by 𝑇𝑥 =
𝑥

3
 and 𝑓𝑥 =

𝑥

2
. Define 𝜂, 𝜙: [0, ∞) → (0, ∞) by  𝜂(𝑡) = {

11

60
𝑡, 0 ≤ 𝑡 < 1

1

5
𝑡, 𝑡 ≥ 1       

 

and 𝜙(𝑡) =
1

6
𝑡.  Then 𝜂  and  𝜙  satisfy the conditions of the theorem. Here we observe that  𝑇(𝑋) = [−1,1] ⊂ [−

3

2
,

3

2
] = 𝑓(𝑋) 

and 𝑓(𝑋) = [−
3

2
,

3

2
] is closed in 𝑋.  

 

Now if 𝑥, 𝑦 ∈ 𝑋 such that𝑓𝑥 ≼ 𝑓𝑦, then either 𝑓𝑥 = 𝑓𝑦 or 𝑓𝑥 ∈ [−3,0] and𝑓𝑦 ∈ [0,3].  
 

⇒ 𝑥 = 𝑦 or 𝑥 ∈ [−3,0] and 𝑦 ∈ [0,3]. (∵ 𝑓𝑥, 𝑓𝑦 ∈ 𝑓([−3,3]) = [
−3

2
,

3

2
]) 

⇒ 𝑇𝑥 = 𝑇𝑦 or 𝑇𝑥 ∈ [−3,0] and 𝑇𝑦 ∈ [0,3] 
⇒ 𝑇𝑥 ≼ 𝑇𝑦 

 

Clearly there exists 𝑥0 = 0 ∈ [−3,3] such that 𝑓𝑥0 = 𝑇𝑥0, 

 

i.e.,  𝑓𝑥0 ≼ 𝑇𝑥0. 

 

Also, 𝑓 is a non-decreasing, since if 𝑥, 𝑦 ∈ X such that 𝑥 ≼ 𝑦, then either 𝑥 = 𝑦 or 𝑥 ∈ [−3,0] and 𝑦 ∈ [0,3] 
 

⇒ 𝑓𝑥 = 𝑓𝑦 or 𝑓𝑥 =
𝑥

2
∈ [−3,0] and 𝑓𝑦 =

𝑦

2
∈ [0,3] 

⇒ 𝑓𝑥 ≼ 𝑓𝑦 

 

Now let 𝑥, 𝑦 ∈ [−3,3] such that𝑓𝑥 ≼ 𝑓𝑦. Then either 𝑓𝑥 = 𝑓𝑦 or 𝑓𝑥 ∈ [−3,0] and 𝑓𝑦 ∈ [0,3].   
 

Case (i) If 𝑓𝑥 = 𝑓𝑦, we have
𝑥

2
=

𝑦

2
, which implies 𝑇𝑥 = 𝑇𝑦 and hence obviously the inequality (2) hold.  

 

Case (ii) If 𝑓𝑥 ∈ [−3,0] and 𝑓𝑦 ∈ (0,3), then 
𝑥

2
∈ (−3,0) and 

𝑦

2
∈ (0,3).  

 

This implies that  

 

𝑥 ∈ [−3,0] and 𝑦 ∈ (0,3) (Since  𝑓𝑥, 𝑓𝑦 ∈ 𝑓([−3,3]) = (−
3

2
,

3

2
)). 

 

Now we shall consider two sub-cases 

 

If  0 ≤ 𝑦 − 𝑥 < 1, then  

 

𝜂(𝑑(𝑇𝑥, 𝑇𝑦)) = 𝜂 (
1

3
(𝑦 − 𝑥)) ≤ 𝜙 (

1

3
(𝑦 − 𝑥)) = 𝜙(𝑑(𝑓𝑥, 𝑓𝑦)). 

 

Ify − x ≥ 1, then  

 

𝜂(𝑑(𝑇𝑥, 𝑇𝑦)) = 𝜂 (
1

3
(𝑦 − 𝑥)) ≤ 𝜙 (

1

3
(𝑦 − 𝑥)) = 𝜙(𝑑(𝑓𝑥, 𝑓𝑦)). 

 

Thus  

 

𝜂(𝑑(𝑇𝑥, 𝑇𝑦)) ≤ 𝜙(𝑑(𝑓𝑥, 𝑓𝑦)) ∀𝑥, 𝑦 ∈ 𝑋 with 𝑓𝑥 ≼ 𝑓𝑦; 

 

For 

 

𝜂(𝑡) = {

11

60
𝑡, 0 ≤ 𝑡 < 1

1

5
𝑡, 𝑡 ≥ 1      

and 𝜙(𝑡) =
1

6
𝑡.  

 

Thus, 𝑓 and 𝑇 satisfy all the conditions of Theorem 1.4 and Theorem 2.1. Moreover, 0 is a unique common fixed point of 𝑓 and 𝑇.  
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