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INTRODUCTION

In (7) C. Berge introduced the theory of Multifunctions. A multifunctions is a set-valued function. The concept of multifunctions
has applications in functional analysis and fixed point theory. In 1970, Levine introduced the concepts of generalized closed set
and discussed the properties of sets , closed and open maps, normal and separation axioms. Later in 1986 D. Andrijevic (2) gave a
new type of generalized closed sets in topological space called semi pre open sets. In 1995, on generalizing semi pre open set is

introduced by J. Doncthev. Dunham (9) introduced the concept of the closure operator CT" and a new topology T where T =
T*={G:Cl*(G°)= G°} and studied some of their properties. Pushpalatha et al, (11) introduced and studied. r-—generalized closed
sets, Eswaran and Pushpalatha (11) introduced and studied. T-—generalized continuous functions. Several authors have introduced
and studied various function in topological spaces. For a multifunction F: X — Y, we shall denote the upper and lower inverse of
a set G of Y by F+(G) and F_(G), respectively, that is F*(G)={x € X:F(x)cG} and F~(G)={x € X:F(x)nG# @}.. For a
multifunction F : X — Y, the graph multifunction Gr: X - X x Yis defined as follows: G (x) = {x} x F (x) for every x € X.

PREMILINARIES

Definition: 2.1 A subset A of a topological space X is called f-open (1) (or) semi pre open if AC cl(int(cl (A))).(2)

Definition: 2.2 A subset A of a topological space X is called -closed (or) semi pre closed if int(c! (int(A)))S A.(2)
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Definition: 2.3 A subset A of a topological space X is called a generalized S-closed (briefly, g S closed) if Bcl(A) €G whenever
ACG and G is open in X.(8)

Definition: 2.4 For the subset A of a topological space X, the generalized closure operator Cl* is defined by the intersection of all
g-closed sets containing A. (9)

Definition: 2.5 For the subset A of a topological space X, the topology t* is defined by 7*={G:Cl*(G°)=G°}. (9)

Definition: 2.6 A subsets E of a topological space (X,r%)is called 7*-generalized [ closed set if CI*[(int(cl(int(E)))]
SW(briefly, Cl*[(int(cl(int(E)))] denoted by Clg(E)) whenever EEW and W is 7 open in X. The complement of *-generalized

closed set is called the 7*-generalized 5 open set. (4)

Lemma: 2.7
For a multifunction F: X-Y , the following hold:

(i) G(AXB)=ANF"(B) and
(i) G (A4 XxXB)y=ANF (B) for any subsets A c X and B Y. (15)

Definition: 2.8: A subset Aof a topological space Xis nowhere dense if, for every nonempty open UUX, the
intersection UNA is not dense in U. Common equivalent definitions are:
(1) For every nonempty open set UcX, the interior of U\ A is not empty.

(ii) The closure of A has empty interior.
(iii) The complement of the closure of A is dense.(3)

Definition: 2.9: A function f : X =Y from a topological space X into a topological space Y is called semi pre continuous if the
inverse image of an open set in Y is semipreopen in X.(1)

Definition: 2.10: A function f: X —* Y from a topological space X into a topological space Y is called g-continuous if the inverse
image of a closed set in Y is g-closed in X.(5)

Definition: 2.11: A function f: X —* Y from a topological space X into a topological space Y is called generalized semi pre-
continuous (briefly gsp-continuous) if the inverse image of a closed set in Y is gsp-closed in X. (8)

Definition: 2.12 A function f : X - Y from a topological space X into a topological space Y is called T*-g continuous if the
inverse image of a g-closed set in Y is 7*-gclosed in X. (11)

Definition: 2.13 A function f: X = Y from a topological space X into a topological space Y is called t*-generalized § continuous
function (briefly t*-gf8 continuous) if the inverse image of every gff open setin Y is 7*-g open in X.

Definition: 2.14: A subset A of a topological space X is said to be

(i)a-paracompact if every cover of A by open sets of X is refined bya cover of A which consists of open sets of X and is locally
finite in X; (18)

(i) a-regular if for each a € A and each open set U of X containing a there exists an open set G of x such
thata € G c CI(G) c U. (13)

Definition: 2.15: A rare set is a set S such that int(S) = @, and a dense set is a set S such that c/(S)=X. (14)

Definition: 2.16 A multifunction F : X =Y is said to be upper rarely continuous at a point x of X if for each open set G of Y
containing F (x), there exists a rare set Rg with C/(Rg) NG = @ and an open set U containing x such that F(U) € GURg. A
multifunction is said to be upper rarely continuous if it has the property at each point of X. (16)

ON -GENERALIZED CONTINUOUS MULTIFUNCTIONS

e  upper T*-generalized B-continuous (briefly u. t*-g.f.c.) at a point x€X if for each open set V containing F' (x), there exists
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U et*-g f(X, x) such that F(U )c V' ;

e lower t"-generalized f-continuous (briefly /. 7°-g.f.c.) at a point x€X if for each open set V such that F' (x) NV # @ there
exists U €t*-g f (X, x) suchthat U c F (V')

e  upper (lower) T"-g § -continuous if F has this property at every point of X.

Theorem: 3.2 : The following are equivalent for a multifunction F: (X, r') —(Y,°© )

e Fis upper T*-g S -continuous at a point x EX;

e for each open neighborhood U of x and each open set V' of Y with x €EX F "(V), F (V) N U is not nowhere dense;

e for each open neighborhood U of x and each open set V' of Y with x € X F '(V), there exists an open set G of X such that
@+ GcU and G <CI(F "(V)),

e for cach openset ¥V of Y withx€ F'(V), there exists U € 1*-gsO(X,x) such that Uc cl(F " (V));

e x € CI (int (CI(F *(V)))) for every open set V of Ywithx € F (V).

Proof:

(1) = (i) and (i) = (iii): The proofs are obvious .

(iii)= (iv): Let V' be an open set of Y containing F'(x). By U(x) we denote the family of all open neighbourhoods of x. For each
U € U (x), there exists an open set G of X such that Gy, c U # @ and Gy € CI(F (V). Put W= U{Gy: U € U (x)}. Then W is
an open set of X, x € CI (W) and W CI(F "(V')). Then, we put U, = W U {x}. Then W c U, ¢ CI(W) and U,€ t*-gsO(X,x) and
also U, ¢ CI (F (V).

(iv)= (v): Let V be an open set of ¥ containing F (x). There exists U € t*-gsO(X,x) such that U c¢ CI(F "(V')). So, we have
x € U cCl(int(U)) c Cl(int(CI(F"(V)))).

Theorem: 3.3: The following are equivalent for a multifunction F: (X, T-) ~(7Y, 7).

(i) F is lower t*-g B -continuous at a pointx € X;

(i) for any open neighborhood U of x and any open set V of Y withx € F (V'), F (V') N U is not nowhere dense;

(iii) for any open neighborhood U of x and any open set V of Y with x €F (V), there exists an open set G of X such that
Gc U# @ and Gecl(F (V));

(iv) for any open set V of Y with x€ F (V), there exists UE T*-gsO(X, x) such that Uc cl (F (V"))

(v) x € cl(int(cl(F (V)))) for every open set V of Y withx € F (V).

Proof:

The proof is similar to the theorem 3.2.

e Theorem: 3.4 The following are equivalent for a multifunction F: (X,7*)=>( Y,0):

e Fisupper T"-g B -continuous;

e F'(V)et*-g BX) for every open set V ofY ;

o F (K)ist*-gpclosed in X for every closed set K of Y ;

o T'-gfcl(F (B))C F (cl(B)) for every subset B of Y ;

o int(cl(int(F (B)))) € F (CI(B)) for every subset B of Y .
Proof:

(i) = (ii): Let ¥ be any open set of Y and x € F (V). There exists U €t*-g A(X, x) such that F (U)c V. Here, we obtain x €
Uc Clint(CI(U))) c Cl (int(CI(F"(V)))). Then F (V) c CI (int(CI (F*(V)))) and hence F “(V) € t*-g A(X).

(ii)= (iii): In fact that F "(Y \ B) = X \ F" (B) for every subset B of Y.

(iii) = (iv): For any subset B of Y, CI(B) is closed in Y and F" (CI(B))is T*-g B closed in X. Here, we obtain t*-g BCI(F (B))c
F (B).

(iv)= (v): Let B be any subset of Y. Then int(Cl(int(F" (B)))) € t*-g SCI(F (B)) cF (CI(B)).

(v)= (ii): Let ¥ be any open set of . Then Y |V is closedin ¥ and we have X \F"(V)=F (Y \ V) 2 int(Cl(int(F (Y \V)))) =
int(CI(int(X \ F*(V))))=X \Cl(int(F(V)))). Then F' (V) € Cl(int(CI(F*(V')))) and hence F (V) €t*-g B(V).

(ii) = (i): Let x €X and ¥ be an open set of Y containing F (x). By (ii), we have x €F (V') €t*-g f(X). Put U= F "(V'). Then we
obtain U €1*-g f (X, x) and F (U) c V. Hence F is upper T*-g  continuous.

Theorem: 3.5 The following are equivalent for a multifunction F: (X,7%)—=( Y,0):
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(i) Fislower t*-g P -continuous,

(i) F (V)€ t*-g B(X) for every openset V of ¥

(iii) F *(K) is T*-g B closed in X for every closed set K of Y ;
(iv) T*-g Bcl(F (B)) € F “(cl(B)) for every subset B of Y;

(v) int(cl(int(F"(B)))) € F'(cl(B)) for every subset B of Y .
(vi) F (int(cl(int(4)))) < cl(F (4)) for every subset 4 of X;
(vii) F(t*-g Bcl(4)) € cl(F(A)) for every subset 4 of X.

Proof:

(i) = (ii): Let V be any open set of Y and x € F~ (V). There exists U € t*-g B (X, x) such that F(U)NV# @. Thenx € U
Cl(int(CI(U))) c Cl(int(CI(F*(V)))). Then F (V) c CI (int(CI (F"(V)))) and hence F~ (V)€ 1*-g B (X).

(ii)= (iii): In factthat F (Y | B) = X' | F*(B) for every subset B of Y.

(iii) = (iv): For any subset B of ¥, CI (B) is closed in Y and F'(CI(B))is T*-g P closed in X. So that t*-g BCI (F*(B)) c F*(B).
(iv)= (v): Let B be any subset of Y. Then int(Cl(int(F *(B))))  t*-g BCI(F*(B)) c F*(CI(B)).

(v)=>(vi): Let A be any subset of X. Then we have int(Cl(int(4)))cint(Cl(int(F*(F(A4))))) € F*(CI(F(A4))). So that F
(int(Cl(int(A))))c CI(F (A)).

(vi)=(vii): Let 4 be any subset of X. Wehave F (t*-g BCI(4)) = F(AVint(Cl(int(A4)))) = F(A)UF(int(Cl(int(4))))c(F(A)).
(vii)=(iii): Let K be any closed set of Y. Then we have F(t*-g BCI (F'(K)))cCIF(F* (K)))cCI(K) = K. Hence, t*-g BCI
(F*(K)) c F*(K), and hence F*(K) is -closed in X.

Theorem: 3.6

Let F: (X,t*)—=( Y,0) be a multifunction such that F (x) is compact for each x € X. Then F is upper t*-g  continuous if and only if
Gr: X — X x Yis upper t*-g  continuous.

Proof:

Suppose that F: (X,7*)—( Y,0)is upper 7°-g S continuous . Let x € X and W be any open set of X X Y containing G (X). For
each y € F (x), there exist open sets U(y) € X and V' (y) c Y such that (x, y) EU(y) XV (y) € W. The family {V (y) : y € F (x)} is an
open cover of F (x), and F(x) is compact. Therefore, there exist a finite number of points yi, y,,..., y, in F(x) such that F/
UV () :1<i<n).SetU =NUW):1<i<ntand V=0V (y;):1<i<n}. ThenU and V' are openin X and Y,
respectively, and{x} x F(x)c UX Vc W. Since F isupper t*-g B continuous, there exists U,€ t*-g S(X, x) such that F(U,) c U.
ByLemma 2.7(i),wehave UNU,c UNF " (V)=G (U xV) € G'(W). So that U N U, =t*-g B(X, x) and Gx(U N U,) € W. Then
Gr is upper t*-g § continuous. Conversely assume that Gr: X — X X Y is upper t°-g § continuous. . Let x € X and V' be any
open set of ¥ containing F'(x). Since X X V' is open in X X Y and Gr(x) € X X V, there exists U€ t*-g B(X, x) such that G (U) c
X xV.By Lemma 2.7(i), we have Uc G'(X X V) =F (V) and F(U) c V. Hence F is upper t*-g B continuous.

Theorem: 3.7

A multifunction F: (X,t*)—=( Y,0)is lower 7*-g § continuous if and only if Gr: X —»X x Y is lower T*-g f§ continuous .

Proof:

Suppose that F is lower 7°-g  continuous . Let x € X and W be any open set of X X Y such that x € G (W). Since W N ({x} XF
(x)) # @, there exists y € F (x) such that (x, y) € W, and hence (x, y) € U x Vc W for some open sets U € X and V' C Y. Since
F (x) NV # @, there exists G € T*- g B(X, x) suchthat G ¢ F (V). By Lemma 2.7(ii), wehave UNG c UNF (V)=Gr (U xV) c

GE (W). Moreover, x €U N G c t°-g B(X) and hence Gris lower T*-g B continuous.

Assume that G is lower T*-g P continuous. Letx € X and V' be an opensetof ¥ suchthat x € F (V). Then X XV isopeninX
XY and Gr(X)NX V)= ({x} xFx)NX x V) ={x} x(Fx)NV)+* @. Since Gy is T*-g B continuous, there exists UE 7"-g
BLX, x)

Lemma: 3.8

If A is an a-regular a-paracompact set of a topological space X and U is an open neighborhood of A, then there exists an open set
G of X such that 4 € Gc cl(G)c U.(13)

For a multifunction F: X —»Y , by c/F :X —Y we denote a multifunction defined as follows: (c/F)(x) = c/(F(x)) for each x€ X.
Similarly, we can define fc/F : X— Y, sclF : X — Y ,pclF : X — Yor aclF: X — Y. (6)
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Lemma: 3.9

If F: (X,t")=( Y,0) isamultifunction such thatF (x)is a-paracompact a-regular for each x€X, then for each open set V of Y ,
G'(V ) =F “(V), where G denotes Bc/F, sclF, pclF, oclF or c/F.

Proof: Let /" be any open set of Y. Let x € G'(V). Then G(x)c Vand F (x)c G(x) € V. Wehave x € F'(V), and hence G'(V')c
F*(V). Conversely, letx € F "(V'), then F (x) € V. By Lemma 3.8, there exists an open set // of Y such that F (x) c H ccl(H) c
V; hence G(x) ccl(H) c V. Then, we have x EG'(V)and F (V) cG'(V).

Theorem: 3.10

Let F: (X,7%)—( Y,o0) be a multifunction such that F (x) is a- paracompact and a-regular foreach x € X. Then the following are
equivalent:

(i) F is upper t*-g B continuous ;

(ii) BclF is upper T°-g B continuous ;
(ii1) sclF is upper t*-g § continuous ;
(iv) pclF is upper T°-g  continuous ;
(v) clF is upper 7*-g B continuous;
(vi) aclF is upper T*-g  continuous.

By Lemma 3.9, we put G =fcl F, scl F, pcl F, or c/F. Suppose that F is upper t*-g B continuous . Let x€ X and V be any open
set of ¥ containing G(x). By Lemma 3.9, x€ G'(V)=F" (V) and there exists UE t*-g B(X, x) such that F(U)c V. Since F(u) is
o-paracompact and a-regular for each u€ U, by Lemma 3.9, there exists an open set H such that F(u) € H ccl(H) c V
hence G(u) € cl(H) € V for eachu € U . So that G(U) c V. Hence G is upper 7*-g B continuous. Conversely, suppose that G
is upper 7*-g B continuous . Letx €X and ¥ be any open set of Y containing F (x). By Lemma 3.9, x € F (V') = G'(V) and hence
G(x) € V. There exists U € T*-g B(X, x) such that GWU ) c V. Thus Uc G (V) =F "(V'), and hence F (U ) c V. So that F is
upper T*-g B continuous.

Lemma: 3.11: If F:(X,7*)=( Y,0) is a multifunction, then for each open set V of Y , G (V) = F (V), where G denotes clF,
sclF, pclF , aclF or clF.

Proof: Let ' be any open set of Yand x €G (V). Then G(x) N V # @, and hence F(x)NV+ @. Since V' is open. Thus,x € F (V)
and hence G (V)c F (V). Conversely, assume that x € F~ (V). Then we have @ # #(x) NV < G(x) NV and hence x € G (V).
Thus, we have F (V)c G (V). Then G (V' )=F (V).

Theorem: 3.12

Let F: (X,7%)=(Y,0) be a multifunction then the following are equivalent:
(1) F is lower 7*-g B continuous ;

(ii) BclF is lower T*-g B continuous ;

(iii) sc/F is lower T*-g B continuous ;

(iv) pclF is lower T°-g  continuous ;

(v) clF is lower t*-g B continuous ;

Theorem: 3.13: Let F: (X,t*)—=( Y,0) be a multifunction and {U, :X\€ A} be an open cover of X. If the restriction functions F/U,,
is upper 7*-g B continuous for each X€ A, then F isupper t*-g  continuous.

Proof: Let V be any open subset of Y. Since F/U,, is upper t*-g B continuous for each X€ A, hence F/U, *(V)=U, N F+(V)ist*-
g B open set. ThenU, ep (Us) N F+H(V) =X N F'(V)=F"(V)is T*-g p open set. Hence F is upper t*-g B continuous.

Theorem: 3.14 If F: (X,7")—=( Y,0) is upper t*-g B continuous and F(X) is a subspace of Y, then F:X—F(X) is upper t°-g §
continuous.

Proof: Since F: (X,7%)—( Y,0) is upper T*-g p continuous, for every open subset V of Y ,F (VNF(X))=F" (V)NF F(X)=F (V)
is T*-g B open. Hence F:X—F(X) is upper T*-g B continuous.
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Theorem: 3.15

IfF: (X,t*)=>(Y,0) is lower t*-g B continuous and F(X) is a subspace of Y, then F:X—=F(X) is lower T*-g B continuous.

Proof: Since F: (X,7%)>( Y,0) is lower 7*-g B continuous, for every open subset V of Y, F-(VNF(X))=F~ (V)N
F~F(X)=F~(V)is t*-g p open. Hence F: X =F(X) is lower T*-g B continuous.

SOME PROPERTIES

Theorem 4.1: A multifunction F: (X,t*)—( Y,0) is upper 7*-generalized rarely continuous at each pointx € X and for each
open set G containing F (x), F (CI(t"-gRg)) is a B-closed set of X, where t*-gRg is the rare set, then F is upper 7°-g B
continuous.

Proof: Let x EX and G be an open set such that F (x) € G. Since F is upper t*-g rarely continuous, there exist an open set
V' of X containing x and a t*-g rare set T*-gRs with c/(t*-gRg)NG = @ such that F (V' )cG U t*-gRg. Let U=V N (X | F (
cl(t*-gRg))). Then we have U € t*-g f(X) and x € U, since x € V'and x € X'\ F' (cl/(t-gRs)). We have suppose that x € F (
cl(t*-gRg)) then F (x)Ncl(t*-gRg) # 0, GN cl(t*-gRg)=0.Let s € U. Then F(s) cG U (t*-gRs) and F (s) N cl(t*-gRs) = 9.
Then, we have, F(s) t*-gRs =0, then hence F (s)cG. Since U is a 7°-g S -open set containing x, then F' is upper t*-g f
continuous.

Definition 4.2 A multifunction F: (X,7*)=( Y,0) is said to be upper t*-ga continuous if for each x € X and each open set
V of Y containing F (x), there exists an 7*-ga open set U containing x such that F (U) c V.

Theorem 4.3 IfF, G : (X,t%)—( Y,0) are multifunctions and Y is a normal space such that

(i) F and G are punctuallyclosed,
(ii) F is upper T*-g f continuous;
(iii) G is uppert*-go. continuous, then the set {x € X : F (x) N G(x) # @} is t*-g S closed in X.

Proof: Put4 =/x€X:F(x) N G(x) # @} and letx € X\ 4. Then F (x) N G(x) = @. Since Y is normal, there exist disjoint
open sets V' and W such that F (x) € V and G(x) € W . Since F is upper 7*-g f§ continuous, there exists U; € 7°-g (X, x) such
that F (U,) V. Since G is upper 7*-ga continuous, there exists an t*-ga open set U, containing x such that G (U,) € W. Put U=
U NU, ThenU € t*-g (X, x) and F(U) N G(U)=@. So that U N 4 = @ and hence A is 7*-g f-closed in X.

Definition: 4.4: The t*-g S-frontier of a subset 4 of X, denoted by t*-g fFr(A), is defined by t*-g BFr(4) = t*-g fcl(4) N
T"-g Bel(X | A) = T"-g BCIA) —T"- g Bint(A).

Theorem: 4.5: The set of all points x of X at which is a multifunction F: (X,t*)—( Y,0) is not upper 7*- g B continuous
is identical with the union of 7*-g 3 frontier of the upper inverse images of open sets containing F (x).

Proof: Letx be a point of X at which F is not upper 7*-g S continuous. Then there exists an open set ¥ of ¥ containing F (x)
such that U N(X\F "(V)) # @ for every U € t*-g (X, x). Therefore, x € t*-g SCIX \ F (V') = X\ t*-g fint(F'(V')) and x
€ F'(V). Then, x € t*-g fFr(F"(V)). Conversely, suppose that ¥ is an openset containing ' (x) and that x€ t*-g fFr(F " (V)). If F
is upper T*-g S continuous atx, then there exists U € 7*-g (X, x) such that UCF (V' ); hence x € t*-g # int(F "(V')). Which is a
contradiction, hence F is not upper t°-g £ continuous at x.

Theorem: 4.6: The set of all points x of X at which is a multifunction F: (X,7*)—( Y,0) is not lower 7*- g B continuous
is identical with the union of 7*-g 3 frontier of the lower inverse images of open sets containing F(x).

Proof: Letx beapoint of X at which F is not lower 7*-g § continuous. Then there exists an open set V of Y containing F (x)
such that U N(X\ F~(V)) # @ for every U € t*-g (X, x). Therefore, we have x € t*-g SCI(X\ F~(V)) = X\ t*-g pint(F (V"))
and x€ F (V' ). Then, x € t*-g SFr(F~(V)). Conversely, suppose that 7 is an open set containing F (x) and that x € 7*°-g
PEr(F~(V)). If F is lower T*-g f continuous, atx, then there exists U € t*-g f(X, x) such that Uc F~(V ); hence x € t*-g 8
int(F~(V)). Which is a contradiction, hence F is not lower 7*-g £ continuous at x.
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