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INTRODUCTION

There has been a lot of work on dual, triple and quadruple series equations involving different polynomials. Due to the importance
of these series in finding the solutions of various mixed boundary value problems of elasticity, electrostatics and other fields of
mathematical physics, a number of researchers took interest in finding the series solution as well as developing and investigating
new classes of series equations. There was almost no research work on five series equations until Dwivedi and Pandey [2, 3, 4]
taken it into consideration. They solved certain five series equations involving generalized Bateman K-functions, series of Jacobi
and Leguerre and the product of ‘r’ generalized Bateman K-function. In the subsequent years Dwivedi and singh [5, 6], Dwivedi
and Chandel [1], obtain the solution of five series equations involving generalized Bateman K-function and Jacobi polynomials
respectively. In the present paper, we have considered five series equations involving series of Jacobi polynomials which are
extensions of quadruple series and untouched till date.

FIVE SIMULTANEOUS FOURIER SERIES EQUATIONS INVOLVING JACOBI POLYNOMIALS

The solution of five series equations involving series of Jacobi polynomials is obtained by reducing them to Fredholm integral
equations of the second kind in one independent variable. Dual, triple, quadruple and five series equations involving series of
Jacobi polynomials can be change into the series involving ultra-spherical polynomials or Fourier cosine series by small
amendment to the original one. These latter series equations play an important role in solving the mixed boundary value problems,
when we consider the distribution of stresses in the interior of an infinitely long strip containing three Griffith cracks situated on a
line perpendicular to the boundary lines of the strip. Here we are concerned only with five series equations involving series of
Jacobi polynomials which are extensions of quadruple series considered by Dwivedi and Singh.

THE EQUATIONS

We shall solve the following set of five series equations
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w f(0), 0<f<a (1.1)
> A 3 PP(Cosh)=11£;(0), b<b<c (1.2)
ﬁ)l“(n+oc+1)l“(n+B+2j £, d<0<n 1.3
- 1.4
3 A PP Cost) = 2O 2<0<D (1.4

" £,(0), c<6<d (1.5)

HZOF(n+B+1)F(n+oc+;j

1 .
Where O, B > —5, and fl(e), (1 =1, 2,3, 4, 5) are prescribed functions and equations (1.1) to (1.5) are to be solved for

unknown coefficients An It is assumed that series (1.1) to (1.5) are uniformly convergent and fl(e) and their derivatives are

continuous.
PRELIMINARY RESULTS
In the course of analysis, we require following results:

The Orthogonality Relation for Jacobi Polynomials

X 0 20 0 2B
jo (smij (Coszj P(® P (Cos0)P(™ P (Cos0)Sin0do

_T'm+o+DHI'(n+PB+1)
= NG 5 O (2.1)

Is valid for oL > —1, B >—1

Where Smn is Kronecker delta and

(c+F) :%n!{(a+B+2n+1)}F(a+B+n+1)

n

The Series
" ;“’B):(n+oc+;]
S(u, 0)=) = - 3
=0 {T(n+a+1)] F(n+B+zj

20
(smgj PP (Cosu) x P{* P (Cosb) 2.2)
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—2a
Sin—
( mzj min. 0 E()dy
= IO i 7 2.3)
T (Cosy —Cosu)’2 (Cosy —Cosf) 2
where
¢ 20 ¢ -2
E(t)=| Sin— Cos— , t=(u, 0).
=[sind | (cos) @ 0
We shall use the following two forms of Schlomilch’s Integral Equations:
If f(e) and T '(9) are continuous ina @ < O <'b, then the solutions of the integral equations:
0
£(0) = gu)du 7 2.4
* (Cosu—Cos0)2
b '
and £'(0)= j g(wdu 7 (2.5)
0 (Cosb—Cosu)’?
1 d e £(0)Sin6do
are g(u)= —d— ©) y (2.6)
T AU (CosO - Cosu)’2
1 d b f'(0)Sin6dO
and g'(u)= —du ©) JA (2.7)
T AUt (Cosu —Cosh)’2
respectively.
THE SOLUTION
Let us suppose
) g@), 0<B<a (3-1)
> Ay PP (Cos0)={h(d), b<O<c (3.2)
nZOF(n+[3+1)F(n+oc+2) k®), d<6<n (3-3)

Using orthogonality relation (2.1) in equations (1.4), (1.5) and (3.1) to (3.3) we get

F(n+a+2) . b . q
= qy" m[ [Lg@+] o+ [ e[

" I'n+a+1)

20
+ L k'(e)}(smgj P P)(Cos0) x P(* P (Cosu)du (3.4)
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where

2B
g'(u) = (Cos%) Sinu g(u),

2p
£,'(u) = (COS%) Sinu £, (), ete.

Substituting the expression for An from (3.4) in equations (1.1) to (1.3), we obtain

Mﬁ)n+a+lj
3

{F(n+a+1)}2F(n+B+2

g‘: ]{ [ g+ j:f'z(u)+ [ i+ Ldf'4(u)

200
+ jd k'(u)}(Sin%j P(% P (Cos®)P™ P (Cosu)du

3.5

f,(0), 0<06<a (85
=4f3(0), b<b<c (3.6)
f(0), d<O<m (3.7)

Applying the summation result (2.2) and interchanging the order of integration and summation, we get

P(), 0<0O<a (5-8)
[ [ g+ nw+ Ek'(u)}S(u, Odi  {Q@O), b<b<c 5.9)
R(©), d<6<= (5.10)

where

b d
P(0)=f, () —[ [ T+ f'4<u>}s<u, 6)du

[ b d ]
QO)=£©)-| [ T+ £, S, Odu

- L
and  R(0)=fy(0)— Lf'z(u)+ j £',(u) |S@u, O)du

Now using the summation result (2.3) in terms of integral in equation (3.8) we obtain
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. 2a
[ g(wyduf 0 EfY)dy 1 :n(Sin—j P(0)
0 (Cosy — Cosu)é (Cosy — Cose)é 2
i min(u, 6) E(y)dy
- .[b h (u)du_(o JA JA
(Cosy —Cosu )2 (Cosy —Cosu )2
"y [0 E(y)dy
4 L k'(w)du jo 77 7
(Cosy — Cosu)’2 (Cosy —Cosu )2
0<0O<a (3.11)
O v [ E(y)dy
or ) 8 udu J.o 7 7
(Cosy — Cosu) 2 (Cosy — Cosu@) 2
a 0 E(y)d oY
+j0 g'(w)du jo ;y) Y 7 ZR(SmEj P(0)
(Cosy - Cosu) 2 (Cosy - Cose) 2
C 0 E(y)dy
-| [ hwdu] 7 7
(Cosy — Cosu) 2 (Cosy — Cosu) 2
L 0 E(y)dy
+ L k'(u)du jo 7 7
(Cosy — Cosu) 2 (Cosy — Cosu) 2
0<06<a (3.12)

Changing the order of integration in the above equation, we get

Ie E(y)dy O g(wdu 0  E(ydy
0 (Cosy—CosG)% Y (Cosy—Cosu)y2 0 (Cosy—CosG)y2

, 2a.
« g'(u)du 1 :n(Singj P(0)
0 (Cosy— Cosu)/2 2

_ Ie E(y)dy ¢ h'(u)du
0 (Cosy— CosB)y2 b (Cosy— Cosu)%
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N J‘e E(y)dy ©  k'(u)du 0<0<a
* (Cosy - Cos@)y2 d (Cosy—Cosu)y2 B

0 a , 20
r E(y)dy : g'(u)du __ T{ Sin_j P(0)
0 (Cosy — COS@)A ¥ (Cosy - Cosu)é 2

A E(y)dy c h'(u)du
* (Cosy - Cos@)y2 ®(Cosy - Cosu)%

. 0 E(y)dy m k'(u)du 0<B<a
0 (Cosy—CosG)% d (Cosy—Cosu)%

Using results (2.4) and (2.6) in equation (3.14), we obtain
0 20
(smzj P(0)SinHdo
y

Bl g'(u)du _ 1d
(Y)'[y (Cosy — Cosu)% " dyJ.O

(Coso— Cosy)%

m dy <0 (Cosb— Cosy)y2

. je E(y)dy m k'(u)du 0<0<a
? (Cosy - Cose)% d (Cosy — Cosu)%

Changing the order of integration of above equation, we get

0 20
(smj P(0)Sin0do
y 2

B[ g'(u)du _d
(Y)'[y (Cosy—Cosu)y2 dy-[O

(Coso— Cosy)%

1d gy Sin6do 6 E(y)dy c h'(u)du
0 Y59 b
(Cosy —Cos8)’2 "> (Cosy —Cosu )2

(3.13)

(3.14)

(5.15)

e hd  dp y Sin0do
1 Ly
n{J‘b (Cosy—Cosu)y2 dyj.o J.

‘ (Cos@ - Cosy)y2 (Cost - Cos@)y2
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(3.16)

. J-n k'(wdu  d J'y g J'y Sin6do
d y dy 0 t y y
(Cosy—Cosu)'2 &Y (CosB—Cosy) 2 (Cost —CosB) 2
0<06<a
Using the result
J-y Sin6do

" (Cos- Cosy)y2 (Cost — Cos@)y2 -
in equation (3.16) , we get
g(u)du
¥ (Cosy —Cosu)’2

E(y)h'(u)du
(Cosy— Cosu)/2

E)f, 7 =R~ j
(™ E(yk'(w)du

0<0O<a
d (Cosy - Cosu)%

where

20,
(Sine] P(6)Sin0doO
d 2
P(y)=

1
0
dy (Coso— Cosy)/2
Again using the results (2.5) and (2.7) in equation (3.10), we get

E(y) gv(u) _ _li Sll’lPl (Y)dy 1 d a E(Y)SIH(Y)dy

m duu (Cosu —Cosy)/ mdu (Cosu— Cosy)/2

e h'tydv. 1d = E(y)Sin(y)dy
°b (Cosy— Cosv)% mdu (Cosu— Cosy)y2

x.n k'(v)dv O<u<a

> (Cosy — Cosv)y2

Now changing the order of integration and using the result

d o Sinydy B Sinu(Cosv — Cosa)y2

du-a (Cosu— Cosy)% (Cosy— Cosv)% . (Cosa— Cosu)y2 (Cosv— Cosu)y2

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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in equation (3.20), becomes

B2 =P+ [HWAW. y)iv [[K A v
7T

O<ux<a

where
1dg SinP(y)d
P2 (ll) — __d_ I(Y) Yy y
AU (Cosu —Cosy) 2
E(y)Sinu(Cosv — Cosa)y2
A(v, y)=

(Cosa— Cosu)y2 (Cosv—Cosu)

Again using summation result (2.3), in terms of integral in equation (3.9), we obtain

0 c min(u, 0) E(y)dudy
h'w)+ [ h '(u)}
Ub Je IO (Cosy —Cosu)(Cosy — Cose)y2

20,
_ n(Singj Q(0)— [ jb o'(u)du + ij'(u)du}

b<O<c

o E(y)dy
O (COSY—Cosu)(Cosy—Cose)%

or

0 u E(y)dy
h'(u)du
jb IO (Cosy— Cosu)y2 (Cosy— Cose)y2
+ J: h '(u)duJ.e E(y)dy

" (Cosy— Cosu)% (Cosy — Cose)%

i R(Singj%c Q(e) ~ J‘ag'(u)duj‘u El(Y)dy 1
2 0 0 (Cosy— Cosu)/2 (Cosy - COS@)A

v 0 E(y)dy
+| k'(u)du b<B<c
'[d J.O (Cosy — Cosu)y2 (Cosy — Cos@)% }

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Changing the order of above equation, we get

6 E(y)dy c h'(u)du P 2
j —n(szJ Q(0)

b (Cosy — Cos@)% ¥ (Cosy - Cosu)%

N J‘b E(y)dy c h'(u)du
* (Cosy - Cos@)y2 b (Cosy— Cosu)y2

o Emdy e gl(u)du
0 (Cosy— Cos@)y2 ¥ (Cosy - Cosu)y2

N 6 E(y)dy m k'(u)du
0 (Cosy - Cos@)y2 d (Cosy - Cosu)y2

} b<B<c (3.27)
Using the results (2.4) and (2.6) in equation (3.27) we get

0 2a
(smzj Q(0)Sin0do

E(Y)Ic( h'(u)du . d Ly

Y (Cosy —Cosu b dy CosO—Cos /5
y ) y

1d J~y Sin6do b E(y)dy c h'(u)du
b (Cosb— Cosy)y2 0 (Cosy — Cos@)% b (Cosy —Cosu)

NN

L EQdy glwdu 0 E(ydy
0 (Cosy— CosE))y2 (Cosy — Cosu)y2 0 (Cosy - Cose)y2

><_[TE k'(u)du 1}b<9<c (3.28)

d (Cosy — Cosu)/2

Changing the order of integration in above equation, we get

c h'(u)du L fe h'(u)du b
E(y) =Q(y)—— E(y)dy
Iy (Cosy— Cosu)% 1 T [Ib (Cosy— Cosu)% IO
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N ja g'(u)du

k'(u)du J‘GE (y)dy

L]

t (Cost —Cosu (Cost — Cosu)y2 0

d ¢y Sin6dO

X— 1 b<B<c
dy [(Cose —Cosy)(Cost— CosG))}/2

(3.29)

where

oy
d Y(SHle Q(0)Sinbdo

Q) :d_bi

(3.30)
(CosB— Cosy)y2

d ¢y Sin6do _ Siny(Cost — Cosb)y2
dy b (CosB—- Cosy)y2 (Cost— Cose)y2 (Cosb - Cosy)y2 (Cost— Cosy)y2

(3.31)

in equation (3.29), we get

c h'(u)du
E(y)
L (Cosy— Cosu)y2

Siny

=Q(y) - l y
T (Cosb—Cosy) 2

h'(u)du
b (Cost - Cosu)y2

Ib E(t)(Cost — Cosb)% dt jc
0 (Cost—Cosy)

g'(u)du
f (Cost — Cosu)y2

a E(t)( Cost —Cosb %dt a
+I (t)( ) I
0 (Cost—Cosy)

N J-e E(t)(Cost - Cosb)y2 dt J-n k'(w)du b<y<c
0 (Cost—Cosy) ¢ (Cost - Cosu)y2

Putting the value of last integral of second term on the right hand side of equation (3.32) from equation (3.18), we get

(3.32)

Siny
(Cosb— Cosy)%

c h'(u)du 1
E = ——
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J~b E(t)(Cost — Cosb)y2 it J~c h'(u)du
0 (Cost—Cosy) b (Cost — Cosu)%

N J-a E(t)(Cost - Cosb)y2 dt P(®) ¢ h'(wdu
0 (Cost—Cosy) E(t) - (Cost — Cosu)y2

© k'(u)du 0 E(t)(Cost — Cosb)%
—I + J' dt
d (Cost — Cosu)y2 0 (Cost—Cosy)

m k'(u)du b<
X y<c
d (Cosy — Cosu)y2 }
c h' .
E)| O R ) e —— y
y (Cosy - Cosu) 2 n (Cosb _ Cosy) 2
_[b E(t)(Cost — Cosb)y2 dt _[C h'(u)du
2 (Cost—Cosy) *(Cost - Cosu)y2
N J‘G E(t)(Cost — Cosb)y2 dt J-n k'(u)du bey<c

2 (Cost—Cosy) ¢ (Cost — Cosu)y2

where
P(y)= Siny a P, (t)(Cost — Cosb)% dt
’ (Cosb— COSy)% b (Cost—Cosy)
L B(u, y) Siny b E(t)( Cost — Cosb)yZ dt
et L y)=
(COSb — COSy)% a (COSt — Cosy)
/)
d C(u, y)= Siny 0 E(t)(Cost —Cosb) 2 dt

(Cosb— Cosy)y2 2 (Cost—Cosy)

Now equation (3.34) can be reduced to the following form

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)



15060 Gunian Shukla. Five simultaneous Fourier series eauations

E(y)| °( MO Q) +By()

Y(Cost — Cosu)%

1| (e h@B ydu e K@), ydu |
n y<¢ (3.38)
T [J‘b (Cost — COSu)% J.d (COS'E _ Cosu)% ]

Again applying the results (2.5) and (2.7), in equation (3.38) we get

1 i IC{Q1(Y)+P3(Y)}SiHSdS 1 i JC Sinsds

E(y)h'(u)=——
m du v (Cosu - Coss)% n” duu (Cosu - Coss)%

b<y<c (3.39)

J‘c B(v, y)h'(v)dv [ C(v, y)k'(v)dv
b (Coss— Cosv)% d (Coss— Cosv)y2

Changing the order of integration and using the result

i u Sinsds
du Je (Cosu — Coss)% (Coss— Cosv)%

~ Sinsds(Cosv — Cosc)%
(Cosc— Coss)y2 (Cosv — Coss)%

(3.40)

Equation (3.39) can be written as

E(y)h'(u) = Q,(u) + % jbch'(v)B(s, v)dv +% j:k'(v)C(s, v)dv

b<u<c (3.41)

where

1d J'C{QI(Y)+P3(Y)}SinSdS

Q)= (3-42)

m du - (Cosu — Coss)%

]
Sinu( Cosv —Cosc /2

B(s, v)= ( 7 ) 7 B(v, y) (3.43)

(Cosc—Coss)’2(Cosv —Coss) 2

]
Si C -C /2

» CGs. v) = inu(Cosv — Cosc) v y)

(Cosc— Coss)% (Cosv— Coss)%
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Again using summation result (2.3) in terms of integral in equation (3.10) we get

ek'u + | k'(u im0 E(y) dud
“d “ j ()M [(Cosy—Cosu)(Cosy—CosG)J% ’

2a
:n(Singj R(e)_U g'(u)du + j v(u)du}

min(u, 0) E(y)d
3l (v)dy y d<b<c
(Cosy — Cosu )(Cosy —Cosf) 2
E(y)dy
k'(u)du
I I (Cosy — Cosu)% (Cosy — Cos@)/
E(y)dy
or '(u)du
j '[ (Cosy Cosu)% (Cosy — Cos@)/
2a
= n(Sing) R(0) - { jo g'(u)du + L h'(u)du}
_[ ’ E(y)dy d<O<m

" (Cosy — COSU)% (Cosy - Cose)%

Changing the order of integration in equation (3.46), we obtain

! 20
By Kds :“(SinQJ R(0)
d (Cosy—COsG)A y (Cosy—Cosu)A 2
[ E()dy o gwde o E(y)dy
0 7 7+, y
i (Cosy—Cos8)/2 " (Cosy —Cosu )2 (Cosy—Cos)>

e h'(u)du ¢ E(y)dy ¢ h'(u)du
Jy A [ [
(Cosy —Cosu )2 (Cosy —Cos8)'2"Y (Cosy — Cosu )2

+ d<O<m

d  E(y)dy n  k'(w)du
0 (Cosy - Cos@)% d (Cosy — Cosu)%

(3.44)

(3.45)

(3.46)

(3.47)
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Using the results (2.4) and (2.6), we get

0 200 .

E( ).[TC k'(u)du _i y(snlzj R(e)Slnede
’ ! (C yZ - dy d y
osy—Cosu) (COSG—Cosy) 5

~1d gy Sin0do a  E(y)dy a g'(w)du
ndyJd AR Sy ),
Y% (Cos®—Cosy)'2| " (Cosy —CosB)'2 ¥ (Cosy — Cosu )2

b B(y)dy ¢ h'(wdu c  E(y)dy
: 7 7 i
(Cosy —CosB)'2"” (Cosy — Cosu )2 (Cosy —Cos8)'2

+

c h'(u)du N d E(y)dy n k'(u)du
Y (Cosy — Cosu)% 0 (Cosy — CosG)% d (Cosy — Cosu)%

X
d<y<m (3.48)

Changing the order of integration and applying the result.

d v Sin0do Siny(Cost — Cosd)y2
= (3.49)

dy (Cosb— Cosy)% (Cost— Cose)y2 (Cosd - Cosy)% (Cost— Cosy)y2

in equation (3.48), we get

m k'(u)du 1
E(y =Ri(¥)—=
( )Iy (Cosy — Cosu)% 1 T(Cosd - Cosy)%

Siny

y Ia E(t)(Cost — Cosd)y2 dt pa g'(u)du
0 (Cost—Cosy) " (Cosy - Cosu)y2

N J~b E(t)(Cost - Cosd)y2 dtee  h'(u)du
0 (Cost — Cosy)% b (Cost — Cosu)%

. J~c E(t)(Cost — Cosd)% dt  h'(u)du
' (Cost — Cosy)y2 (Cost — Cosu)y2
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+Id E(t)(Cost —Cosd) 2dt 1= K'(u)du d<y<m (3.50)
" (Cosy- Cosy)% * (Cost - COS“)%
where
0 20
d ey (Sinzj R(0)Sin6dO
Ry(y)=~-] -

dyd (CosO—Cosy)%

Now putting the values of last integral of first and third terms on the right hand side from equations (3.18) and (3.38), we get

m k'(u)du
E(y =R, () +Ry(y)
( >Iy (Cosy — Cosu)y2 1 :

1 [ J‘C h'(u)U(u, y)du N J'ﬂ k'(w)V(u, y)du

d<y<m (3.52)
|- (Cost — Cosu)y2 d (Cost — Cosu)y2 ]

where

R,(y)=

)
Siny a P, (t)( Cost —Cosd) 2 it
(Cosd - Cosy)y2 b (Cost—Cosy)

+J-c {Qy(t) +P5(t)}(Cost — Cosd)% dt}

° (Cost —Cosy) (3.53)
U(v, y)= Siny a E(t)(COSt - Cosd)% i
’ (COSd - Cosy)% 0 (COSt — Cosy)
IO (Cost—Cosd) 2t | [ ECOBC. 0ot Cosd) 2 i
0 (Cost — Cosy) b (Cost _ Cosy) .

V(v, y)=

Siny a E(t)( Cost — Cosd)y2 dt
(Cosd— Cosy)% 0 (Cost—Cosy)
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. jb E(t)( Cost —Cosd)% dt I E(6)C(v, (Cost —Cosd) 2dt

0 (Cost—Cosy) b (Cost —Cosy) (359

Again applying the results (2.5) and (2.7) in equation (3.52), we get

P N {Ry(y)+R,(y)} Sinsds
E(y)h'(u)= ~du L (Cosu—Coss) JA

14 J-n Sinsds ° Uy, yh(vdv = V(v, yk(v)dv (3.56)

) 1 1 1
e duu (Cosu—Coss)/2 b (Coss—Cosv)/2 d (Coss—Cosv)/2

Changing the order of integration and using the result

d po Sinsds Sinu(Cosv — Cosn)%

du <= (Cosu-— Coss)y2 (Coss— Cosv)y2 ) (Cosn— Coss)y2 (Cosv—Coss)

(3.57)
in equation (3.56), we get
! 1 ¢ ! 1 T !
E(K(W =Ry(w)+— [ W)U, vidv+— [ KVVGs, vidv
T T

d<u<m (3.58)

where

d J‘ﬂ {Ry(y) +Ry(y)} Sinsds (3.59)

1
Ry(u)=——
m duJu (Cosu— Coss)y2

Sinu(Cosv — Cosrc)y2

UG, v)= ;
(Cosn— Coss)/2 (Cosv—Coss)

U(v, v) (3.60)
and
Sinu(Cosv — Cosrc)y2

)
(Cosn—Coss)’2(Cosv—Coss)
Equations (3.22), (3.41) and (3.58) are Fredholm integral equations of the second kind which determine g'(u), h’(u) k’(u)

V(s, v)=

V(v, v) (3.61)

respectively. Knowing the values of g'(u), h'(ll) and k'(ll) , the values of coefficients An , can be obtained from (3.4).

Particular Cases

If we let d=TC in equations (1.1) to (1.5), they reduce to the corresponding quadruple series equations considered earlier in [2]
and the above solution agrees with that obtained previously. Similarly, the solution of corresponding triple and dual series can be
obtained as particular cases.
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