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INTRODUCTION
Elastic curve problem have long research history. The mathematical theories of elastic curves go back to Bernoilli and Euler

(Goldstine, 1980). Elastic problem has been reinvestigated with different ways during the last three decades (Langer and Singer,
1984), (Gurbtiz, 2007), (Barros and Garay, 2012). Barros and Garay derived critical points of the total normal curvature functional

[

J.k;dS in 3 dimensional space forms. This problem have a lot applications. For example, the case r=2 is used in the self
0

assembly analysis of thin films formed by block copolymers in a cylindrical phase (Santangelo, Vitalli, Kamien and Nelson,
2007). Inthis work, we obtain the critical points for the generalized total normal curvature on non-null surface in Minkowski 3-
space. Our aim isto minimize the energy

|
_[kfds (11)
0

and to find equilibirium equations.

Let a denote an admissible curve on a connected oriented surface M in Minkowski 3-space. Apart from the Frenet frame {t,n,b},
there also exist a second frame { T,Q,N} at every point of the curve a . T(s) =a '(s) denote the unit tangent vector, N isthe
unit normal toM and Q =eN xT,e = £1 and sisarc length.

The analogue of the Frenet-Serret formulasis

V.T=V,T+e,(ST,T)N=ek Q+ek,Q
VoQ=V,Q+e,(ST,QIN=—-ek T+et N
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where ST = —%T N=ek T+et Q, kg is the geodesic curvature, t  is the geodesic torsion, K, isthe normal curvature,

V isLorentzian Levi-Civita, V isRiemannian Levi-Civita, Sis Weingarten map. Also

(T.T)=e,(Q.Q)=e,,(N,N)=e,

Intrinsic M ethod
Let y (w,t):(-d,d)x[0,L] — M be a variation of non-null (space like or time like) curvea . y (O,t):ai(o,t). The
ow

12
velocity vector field of a non-null curve. V (w,t) =6L(w,t). V=KV,V>‘ is speed of a . Non-null admissible curve is
ot

critical point if and only if

Arc a is called r-normal elastic line if it is an extremal for the variational problem of minimizing the value of (1.1) within the
family of all arcs of length L on anon-null surface in Minkowski 3-space.

aiwujwli ds{ L(jw[)vv(k W+W (VK "t

rk; H((V:S)T,W)ds+ 2e3rjk;’l<VTW, ST )ds+ elrJEer{VTW, ST)ds
rk {(V+ ST W)ds—2e,r < (k% )QW>ds+2e1e3 J {07t k)T Wds  (2)
—e j< k)T W>ds ee j(k 1QW)ds-+ 2e,(rk X QW>‘ e,k TW>‘

E(a) W ds+U(a W)

O'—.l_

where W(0,0)=W(0,L)=0, V-:W(0,0) = V.W(O,L) = 0. L(w) isthearclength of a . Also,
W) =esrk  {{((Vy ST, T)+2(V,,T,ST}

And
(V:S)T =(e,— ak —ee .kt —k gt )T
a, (2.2
+(eek Kk, +e,— s —ek, (2H -ek,)Q

Here H is mean curvature and

s ek, et 23
et, 2H-ek, '

is Weingarten map non-null curves. Thus Euler- Lagrange equationsis given by
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_ d o
E(a) = eqrk 1(V-|-S)T—2e3rd—(krr] h g+
S

r- d r r

L

L
| :

U@,W) = 2e3<rk I gQ,W> . ey (k {]T,w>‘

Thusfrom (2.2), ((2.3) and (2.4), we have

r- akrrl r- r— r- d r
E@)=[ee,rk; 1§—ele2e3rkn oty —egrk Kt +2eek Kt —GJE(kn)]T
L 9

0
+[2e,8,1k K | +eze3rk;‘1g (2.5)

okt

ot
—2e,e,rk ki H —2e,r ty —2e3rk;‘18—;—e1e2k;kg]Q

And
U@ W) =2e,{rk; t QW) +e,(k;T W) =0 (2.6)

Theorem 2.1.
An non-null admissible curveisr-normal elastic if and only if,
r

Kk
e1e3rkrﬁlaa—;—e1e2e3rk,§1k o —erk ikt +2eek "kt —er %(k;) =0

1

ok

r—
n

} Lot - ot .
2e.e,e.rk K| +e,erk; 18—;—2e2e3rkgkn 'H - 2e,r t,—2e,0k; 15—59—elezknkg =0

Corallary 2.1.

An non-null admissible geodesic areisr-normal elastic if and only if it satisfies the following equations

r-1 61:
K, t,—2e;sk, " —=0
S 0s

ot
ezesrk,:’la—g— 2e,r
S

Corallary 2.2.

An admissible non-null geodesic arc on non-null surface is r-normal elastic if and only if , it satisfies
2(r-1 _

k2 ), =0

Proof. If surfaceis spacelike,

e =1 e,=1 e;=-1 Thusweget
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at ak r-1
rk'™*—242r——nt =0
" 0s os ¢ (2.7)

If surfaceistime like,

e=-1 e,=1 e;=1 Thusweget

at r-1
—rk"l—g—Zrak—”t =0
" 0s os ° (2.8)

From (2.5) and (2.6), the first integral

K20yt o =constant

From (2.5) and (2.6), constant must have zero.

Theorem 2.2.

An admissible curve on pseudo-sphere Sf (D isisr-normal elastic if and only if if it lies on a geodesic.
Proof.

For pseudo-sphere, geodesic torsion vanishes. Normal curvature kn =—1. From theorem 2.1, we obtain k 9= 0. Conversely any

admissible geodesic arc on S (1) satisfies theorem 2.1.
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