ISSN: 0975-833X

Available online at http://www.journalcra.com

International Journal of Current Research
Vol. 3, Issue, 11, pp.371-374, October, 2011

INTERNATIONAL JOURNAL
OF CURRENT RESEARCH

RESEARCH ARTICLE

CERTAIN RESULTS IN A SINGLE SERVER QUEUEING SYSTEM
Subbarayan, A.

Department of Computer Applications, SRM University, Kattankulathur-603203, Tamilnadu, India

ARTICLE INFO ABSTRACT

Article History:

Received 08" July, 2011

Received in revised form

19" August, 2011

Accepted 27" September, 2011
Published online 30" October, 2011

Key words:

Birth and Death Process,
M/M/1 queue,
Departure Process.

This paper presents certain results pertaining to a single server queue with Poisson arrivals and
exponential service times. A closed form solution is obtained for the probability that, exactly i
arrivals and j services occur over a time interval of length t in a queuing system that is idle at the
beginning of the interval. Section 1.1 describes the model. Solution of the model is obtained in
Section 1.2. By using Pn(t) , performance measures are obtained in Section 1.3.
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INTRODUCTION

The queues that are emptied and restarted periodically and
thus not subjected to analysis using the celebrated equilibrium
results, there are several potential applications for results
obtained. The classical queuing results can be obtained as a
special case of the general solution. The classical analysis of
the M/ M/ 1 queue is based on an analysis where the state of
the system is defined as the number of units in the system,
including the one being serviced. The system is treated as a
birth-death process in which arrivals cause the state to increase
by one and departures cause the state to decrease by one. The
differential-difference equations for the time dependent
probability functions Pn (t), the probability that there are

exactly n customers in the system at epoch ¢, may be written

directly as
dR(t
O 38 0+ 0

dPp(t) _

APas () — Q) PO+
i Py (1) forn>0

For a complete derivation of these equations one may refer to
Gross et al. (2008). Unfortunately, the solution to these
equations is quite complex, involving modified Bessel
functions and infinite series of such functions. It may be
observed that these Bessel functions can be approximated and
the expression for the solution simplified to a considerable
extent. That is to say that approximate solutions for the
equations can be numerically obtained by limiting to steady-
state solution. That is

Py = (/u)" (1-(A/u))

forn=0
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derived by solving the equations obtained by setting dP (t) /

dt =0 forall n. The P, is then used to derive the expected
queue length, average time spent in the system and utilization
of the server for steady — state operation. In several potential
applications of queuing theory, the system never reaches
equilibrium (See Borovkov (1999)). The system begins
operation empty and then stops or is stopped at some point of
time t. Businesses or service operations such as barber shops
or physicians’ offices, which open and close never, operate
under steady state conditions. The classical transient results
for the M / M /1 queue provide an insight into the behavior of
a queuing system through a fixed operation time t. The
functions Pn(t) gives the distribution for the number in the

system at time ¢, but provide virtually no information on how
the system has operated up until time t? One may like to know
what will happen up to time t? Typical questions include. (i)
How many customers will be processed by time t? and (ii)
What fraction of time will the server be busy during the first t
time units of operation? (See Meyn and Tweedie(1993)
Kannan and Lakshmikantham (2001), Ross (2006) and Gross
et al. (2008). Moreover, if the system begins operation empty,
the fraction of time the server is busy, the expected queue
length, and the initial rate of output from the system will be
below the steady-state values so that the use of steady-state
results to obtain these measures is not appropriate. Section 1.1
describes the model. The solution of the model is obtained in
Section 1.2. Using P“(t) various performance measures have

been expressed in Section 1.3.

DESCRIPTION OF THE MODEL

In contrast to the classical development, we base our analysis
of the M / M / 1 queues on a model in which the state of the
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system is given by (i, j), where i is the number of arrivals and j

is the number of departures until time t. We denote the state

probabilities for the model as P_ (t). P_ (t) is the probability
ij ij

that exactly i arrivals and j services have occurred by time t
(See Ross(1980), Bhat (2008) and Grimval et al. (2010)). The
solution for P, (t) provides considerable information

concerning the trans1ent behavior of the queue. Some
performance measures that can be expressed in terms of P (t)

are discussed later in this paper. Now we proceed to obtaln P
(t). It can be verified that P (t) satisfies the dlfferentlal-
difference equations given below

dP, (1)

= —AP, (1)

dt (1.1.1)
LW p -Gt By ) for 21,

dt (1.1.2)
B O 0=, 0 for i21,

di (1.1.3)
LAUN ) 0Dy, (-G for i 2 2adI< <

dt (1.1.4)
SOLUTION OF THE MODEL

From (1.1.1) to (1.1.4) the general form for the Laplace
transform can be written as

0

[ e P, (1) a

0

P. (s) =

y

Then we have,

B A Y (mY & G-hatk-Dt A+
Py () = [/1+,u+sj (/1+s) ;; Kt A+ p+9)
fori>1land 0< j<i (1.2.1)
Further,
P(s)=(A+s5)" (122)

This result can be obtained by induction and then show that,
P (t) satisfies the system of different of differential —
]

difference equations for the model. We shall verify this by
induction. The general form for p_(s) given as (1.2.1) can be
ij

verified by induction. To accomplish the induction it is
sufficient to show the following results:

R-1: Equation (1.2.1) is true for P, (s), P, (s) and P, (s)

R-2: If (1.2.1) is assumed to be true for P, (s), then it is
true for P, ( )

R-3: If(1.2.1)is true forp
true for p, (s) where i >]

R-4: If(1.2. 1)1s true forp

R-1: is accomplished by observmg that, according to
(1.2.1),

P10 (s)

(s), andp_ | (s) then it is
1)-

(s) then it is true forp (s),

_ A+ u+r ) (A+s)!

P = A+ pu+5)7(A+s)"

P = A+ p+s) " pw(A+s)7"

and that these results agree with those obtained directly by
taking transforms of (1.1.2) and (1.1.3). R-2: can be
demonstrated by a simple induction on R-1. We know from
R-1: that (1.2.1) is true for P, (s). From (1.1.2), we can see

that Py (s) satisfies the following relation:

S Pio () =Apio () _(/1 + /u) Pio (8)or
Pino (s) =A(A+pu+ S)_1 DPio (s)

Using (1.2.1) we obtain

i i+l
Z ] (A+s5)" = [ 4 ] A+s5)"
+U+s At u+s

o (s) as given by (1.2.1)

Piagls) =4 Gt pts)” [/{
which agrees with P,

For R-3, we note from (1.1.4) that, for i > j p_(s) satisfies the
ij

following relation

sp, () =wp () +tAp () - (AtWp (s) or
_ H
plj(s) 2,+/L[+S p},]—l(s) /1+,L£+S p}—lj(s)

Using (1.2.1) on the right hand side of this equation, we

obtain

/1 i i1 /1 il J
pi— | [i} Flcbie-l bk (As)" 1 (ﬂ]w
P s ) \Aks) B () /1+,:1+s M

. k-1
where Z/:(i—k—l).(i+k—2)! (A+s) k
=0 Kl(@i-1)! (/1+/U+S)
) [ A J [ u J Jf(: k)(kr‘lk 1) (A+s) . M(J"J}
A+p+s p+s) |7 ! (A+p+s)
- { A ) { u } Jz-x(; k)(sz ! (/’Hs)‘ﬂ R M(,)}
Ati+s pts ) | ki (A+u+s)

- A (# JZ'(:—k—ln_gr‘—k—znu (/HS)"'_U,H_;
Atp+s) Lu+s) |® ik (A+p+s) des

i} R ! { 1 i(r—k)(:—k—l)(:—k—z)' (/1+s)"'17}
Avp+s) Lp+s) [ #25 & ok (A+p+s)" |

{2 f(y}? 1§ Rk Dk (A+s)” ]
Atp+s )\ A+s) [#+s © ik (A+u+s)]

() ( j i —k) (k-1 (A4
Atuts) \Ats) & z'k' (/H/HSY

which is the expression for pj; (s) according to (1.2.1).



The demonstration of R-4: is accomplished by observing that
(1.1.3) requires that

(- (mri+ k-1 ComeEL ey
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3L L R ST I Lol WL Y ) r ()

pu (S) = L pi,l*l (S)
A+s

Substitution for p. '-1(S) according to (1.2.1) yields

g F [ J & -RiHk-D) ()
LRy itpts) \+s) 2 dt (ps)
(2 ( j L=k (k-1 (s
N A+utrs) \A+s Z[; b (j,+,u+s)k

since the term in the sum is zero when k =1i. This result for
p. (s) agrees with p. (s) according to (1.2.1). The proof that
(1.2.1) represents thé: general form for p_(s) is thus complete.
We shall now move to determine p__(t; by determining the
inverse Laplace transform of P, ’ (s). Rearranging the

expression for p, (s) we obtain
A & =BG+ k-1)! 1

.k i Ga sy s r o)
(12.3)

Py (

n n-1 -at
The inverse transform of f(s)=1/(s+a) is F(t)=t e /
(n-1)! Using this result and observing that the inverse of
fl(s)*fz(s) is the convolution of F 1(t) and Fz(t), we obtain

A& =k k-1
P, =" ,Z:; !
(=R G+k=D1] [(=2)" e e s
(1.2.4)
Substituting w = 1 / t yields
j i (i+)) = Jk skl g
P, 0= 2,,u { Z 1K G—k! J.(l_ ) woeldw
(1.2.5)

ik
Replacing (1-w )J by its binomial expansion we obtain

. (:ﬂ) ;

Aie (%)  SE)"G-0! e mia
= d
P0=""= Z K G—k)! Z(, k—m)int !e woa
(1.2.6)
where the integral is of the form
1 —ax B _ n' —a - af
Le xdx—aml[l—e Z}: ?:|

Substituting for the integral and re-arranging we get

(A @) et & G-k
8 _[yj 1 kz(; k!

fori>1and 0< j <i (1.2.7)

which is the required result. The special case fori =0 and j =
0 is obtained by directly solving (1.1.1).

P (1) =

For various values of A, p, t and n numerically one can verify
that (1.2.6) is valid as (1.2.8) is satisfied. Thus we see that

- (;u) Z o

j=0

which provides the solution for P_(t)
ij

P (n arrivals in(0,t)) =

(12.8)
CERTAIN MEASURES OF PERFORMANCE

The departure process from the M / M /1 queue has the

distribution function P (t) the probability that exactly j
J
customers have been served by time t. In terms of P_(t) we
ij

have
P, - ¥ P, 0

The density function of T, the time for the j th departure, can
be obtained as

° dP, (¢ il dP t
ro =y el L
k=7 k=0
since
P(T <t) = P (atleastjdeparturesin (0,t)) =

> P

The probability of exactly n customers in the system at time t,
denoted by P (t), can be expressed in terms P_(t) as
n 1

}Pn M =2 Pu, ®

Jj=0

Although results for P (t) are available from the classical one

dimension state model, the expression above is
computationally simpler since the infinite sum does not
involve Bessel functions explicitly. The waiting time
distribution for a customer can be derived as P (W > 1| t), the
probability that a customer waits more than t time units in the
system, given that the customer arrives at time t.

z P > t|n customersinsystemattimet ) P, (f)

n=0

P(Wst|t)=

©

=" P(numberof servicesby time T <n+1) P, (1)

e 3y (’”) P, @)

n=0 5=0
Therefore, the cumulatlve distribution for the sojourn time in
the system is



(ur)
5!

P(Wgr\t)zl—e"”i Z P (1)
r=0 »=0

The density function of sojourn time for a customer arriving at
time t is obtained by differentiating this expression with

rachant tn v Tha cuctam ntilizatinn 1 & that frantinn af tima
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$la

FRY 1 Lol 4 + + + +
T (U). THCO ProvduIIty " uldt UIc—S ySICII TS CHIPL y ~da U SUIIIC T

is Z P, (7). Thus the fraction of the time that the system is
=0
empty and consequently the server is idle [ I(t)]. Thus,
1 o =
1 (@ = . J'O > P, (r)dr
Jj=0

and the fraction of time that the system is non-empty and,
hence, the server utilized

[Uylis

1 ¢ &
Up =17 | 2P0 dr

0 Jj=0

Other measures such as the auto-correlation of the departure
process and the cross-correlation at the arrival and departure
process can also be obtained. They will be functions of both
time t and the interval T for which the correlation coefficient
can be calculated.
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