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ARTICLE INFO ABSTRACT

The Fractional Fourier Transform (FrFT) is a generalization of the ordinary Fourier transform. The
ordinary Fourier transform and related techniques are of importance in various different areas like
communications, signal processing and control systems. In fact, the FrFT has already found many
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transform (FrST). Fractional cosine transform is the extension of cosine transform and it has been
Key words: widely used in domain of digital signal and image processing. In this paper convolution theorem for

Fractional Cosine Transforms (FrCT), generalized two dimensional fractional cosine transform is proved.
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INTRODUCTION

Nowadays there is no doubt the use and applications of the continuous and discrete convolution operations in many branches of
science. Moreover, the number of applications is so large that trying to name and count them would take a long time. Some of
these applications are in signal and image processing, electric circuits, telecommunications, probability, statistics, etc. All FrCTs
and FrSTs possess convolution — multiplication property which is a powerful tool for performing digital filtering in the transform
domain. The convolution operation in the transform domain realized by taking an inverse transform of the product of forward
transforms of two data sequences is equivalent to symmetric convolution of those symmetrically extended sequences in the spatial
domain. Convolution plays a very important role in the theory of integral transform. Almeida (1997) had defined convolution for
fractional Fourier transform. Zayed (1998) had revised the definition in order to follow the standard Convolution theorem. In our
previous work we already defined following terms.

1.1. Generalized two dimensional fractional Cosine transform

Two dimensional fractional Cosine transform with parameter a f(x, y) denoted by F&(x, y) perform a linear operation given by the
integral transform.

FEF ey ) = [} fo f G y)Ke (x,y,u,v) dx dy (1.1)
Where the kernel,

1—icota i(x?+y?+u+v?)cota
K&(x,y,u,v) = P 2 cos(coseca.ux).cos(coseca.vy) (1.2)
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The test function space E
An infinitely differentiable complex valued function on R™ belongs to E(R™) if for each copactset! c S, ,, where,

Sap =X, y:x,y €ER"|x| <a, |yl <b,a>0b>0},] €ER"

sup |

oy D,f";f (x, y)l < woWhere, p,q=1,2,3....

VEpq ()=

Thus E(R™) will denote the space of all € E(R™) with support contained in S ,

Note that the space E is complete and therefore a Frechet space. Moreover, we say that f is a fractional Cosine transformable, if it
is a member ofE , the dual space of E.

This paper emphasizes to deriving convolution theorem for two dimensional fractional cosine transform and defined distributional
two-dimensional fractional Cosine transform

Distributional two-dimensional fractional Cosine transform

The two dimensional distributional fractional Cosine transform of f(x,y) € E (R™) defined by

Ffe}=F*wv) = f(x,y), Ko (x,y,u,v) (2.1)
1—icota i(x2+y2+u2+v2)cota
K&(x,y,u,v) = - 2 cos(coseca.ux) .cos(coseca.vy) (2.2)

Where , RHS of equation (2.1) has a meaning as the application of f € E toK,(x,y,u,v) € E
Convolution Theorem
If (u,v)=(f.9)(wv)and FCy, GC,, HC, denote two dimensional the fractional cosine transform

L2402
| —icota eE(u +v2)cota

f,9, Respectively, then HC, = FCo{f (x,¥)}(w,v) GCol{g(t, s)}(w,v) = 2 4
FC, {e%i(12+p2)cota (f m)} + FC, {G_Ti(rz+$2)cota (f E)}

+FC, {e;(nummm(ﬁ %)} +FC, {e;(nuﬁ)com(f—_ ﬁ)}

Proof: From the definition of two dimensional the fractional cosine transform, we have

. o oo -
1 LCOtaJ- f e%(x2+y2+u2+v2)cotoc
21 o)

cos(coseca.ux)cos(coseca.vy)f (x,y)dxdy

. [ee) (o] i
1 lCOta’f f e%(t2+52+u2+v2)cota
2 —wdew

cos(coseca.ut)cos(coseca.vs)g(t,s)dtds

FCAf (e, y)}w,v) GCulg(t, )} (u,v) =

FCA{f (x, »)}(w,v)  GColg(t,s)}(w,v) ,

. (o] [ee] [ee] o i
1 icota ei(uz+uz)wmf f f f e%(x2+y2+t2+sz)cota
= 2m —o0v—00v—00 Y —00

cos(coseca.ux)cos(coseca.vy)f(x,y)cos(coseca.ut)cos(coseca.vs)g(t,s)dxdydtds
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2

. [oe] [oe] oo 0 i
1 icota ei(u2+v2)wtaf J- f J- e%(x2+y2+t2+52)cota
27'[ —wJ—0 /-0 V-0

FCAf (6, )} w,v) GCo{g(t, )}, v) = 1
fle,v)g(t, S)E [cos (csca.u(x + t)) + cos (csca.u(x  t))]

1
3 [cos (csca.v(y + 5)) + cos (csca.v(y  s))]dxdydtds

2
1—icota> ei(u2+v2)cota
B -

4

Let A=<

2

Fof @) GClgswy)
AB f f f f e ROt £ (0 ) gt 5)

= [cos (csca.u(x + t))cos (csca.v(y + s)) + cos (csca.u(x + t))cos (csca.v(y s))
cos (csca.u(x t))cos (csca.v(y +s)) + cos (csca.u(x  t))cos (csca.v(y s))
dxdydtds

FCAf (e, )} w,v) GC{g(t,s)}u,v)
—AB [ [ [ [ el yitesteota gy g e, s)

cos(csca. u(x + t)) cos(csca. v(y + s)) dxdydtds + AB J- f J- J- e%(x2+y2+t2+52)wmf(x, yg(t,s)

L2 py24t2452 «
R RO VICD) dxdydtds
- cos (csca.u(x  t))cos (csca.v(y + 5))

FAB [, [ 7, 7, e e ey g 1)
cos(cscau(x t))cos(cscav(y s)) dxdydtds
FCAf(x, )}, v) GCig(t, 5)}(11, v)=hL+15L+ 5+l (3.1

[e'e) [ee) [e'e) oo 2 2 2 2
Let I = AB [% [ [%, [ es #5400t £y g (¢, )

cos(csca. u(x + t)) cos(csca. v(y + s)) dxdydtds
Letx+t=1,t=7 x, y+s=p,s=p yift= oo,1= owift=00,7=00
ifs= oo,p= wifs=o0c0,p=o00

11 = AB f J‘ e%.(x2+y2)cotaf(x' y)

{f_oooo f_oooo e%((T—X)Z‘F(p_y)Z)COt(Zg((T x)’ (p y))dfdp}
cos(csca.ut ) cos(csca.vp) dxdy

Letgi(t x,p y)= e @H0ow@gr vy (5 y))

Fley) = 2o y)
L=4B [ [2 fen{ [, gt x.p y)dudp}
cos(csca.ut ) cos(csca.vp) dxdy

L=4B[% [T 7 fyg(t x,p y)dxdy}
cos(csca.vp) cos(csca.ut ) drdp

2m 4

2
1-i i(W2+v2)cota o0 oo ¢ oo aoo = _
11=( ) - Lo o o famg(c x,p  y)dxdy}
cos(csca.vp) cos(csca.ut ) drdp
Let/ [ fng(t x,p y)dxdy = (f.57)
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i
X >(u2+v?)cota i —i i i
’1—100m e2 Z(124p%)cota ° o  (t2+p?)cota —(ul+v2+124p2)cota |1-icota .z
11: - " ez( P ) f—oof_oer( p ) 62( p ) (fgl)

2m
cos(csca.vp) cos(csca.ut ) drdp

i
1 icota ei(u2+v2)cota

2242 o
I = o 2 FC, {e 2 (TP +p?)cota & gl)}

© o o0 o0
12 = ABf f f f ei(x2+y2+f2+sz)cotaf(x’ y),g(t, S)

cos(csca. ulx + t)) cos(csca. v(y s)) dxdydtds
x+t=1y s=¢
Let/” [© fe,g.(t x,& y)dxdy = (f.72)

For I, we do similar calculations in I; we get

i2,.2
1 icota ez +v*)cota i _
I, = / o Z FcC, {ﬁ(f“fz)wf“(f@)}

Similarly

[ee) [ee] [ee] [ee) i
[3 = ABI f f f ei(x2+y2+t2+52)60taf(x’ y)g(t, S)
cos(csca.u(x  t))cos(csca.v(y + s)) dxdydtds

Here

x t=ny+s=p Letf" [~ f(x,y)gs(n x,p y)dxdy = (f.F3)
i 2, 2
1 icota ez’ +v?)cota i 5. o _
h= T FC ezt )

Similarly

[4 = ABf J- J- f e%(x2+y2+t2+sz)cotaf(x' }/)g(t, S)
T cos(csca.u(x t)) cos(csca.v(y s)) dxdydtds
x t=ny s=§& Letf [ fxy)gs(n x,& y)dxdy = (.5

i/ 2. 2
1 icota ei(u +v2)cota . )
I, = \/T 7 FC, {67(n2+€2)cota (f. m)}

Then (3.1) implies

1=Il+12+13+14

24+v2)cota

1-icota e%(u 22 4p?)cota 5 —
FCAfCoI@ ) GClg(t )} v) = [t 2, o3 entota(f gyl
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e%.(uz +v2)cota eé(u2+v2)cota

1 icota 1 icota
21 4 21 4

i 2,2
1 icot 5(u?+v?)cota s _
+ ’ ZLCO ae 7 FC, {e—zl(n2+€2)cota(ﬁ 9*4)}
s

FC, {e;(fergZ)com . E)} + FC, { e;(n2+p2)mm . %)}

| —icota e%'(uz +v2)cota
FC{f (x, )} (u, v) GCa{g(t.s)}(u,v)=/ p- "

FC, {e%i(er,pZ)mta (f_ E)} + FC, {e_Ti(12+§’2)cota (f E)}
+FC, {e%i(n2+p2)cota(f. ZE)} + FC, {G_Ti(n2+$2)cota (f_ ﬁ)}
Conclusion

In the present work Convolution theorem for generalized two dimensional fractional cosine transform is proved
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