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INTRODUCTION Definition 2.2

Let Cyxn be the space of nxn complex matrices. For a matrix A A matrix AEC,,, is said to be k-Symmetric if A=K ATK.
EC ) AT, A" and A denote transpose, conjugate transpose

and inverse of the matrix A respectively. Let k be a fixed Definition 2.3

product of disjoint transpositions in S, the set of all

permutations on {1,2,3, ,,,,,, n} hence, involutary and let K be the A matrix AEC,,, is said to be involutary if A=
permutation matrix associated with k. The concept of k-

Orthogonal matrices is introduced as a generalization of k-real 3, Some equivalent conditions on k-Orthogonal matrices.
and k-hermitian (Hill and Water, 1992) and orthogonal

matrices clearly K satisfies the following properties K’=I and  Therom:3.1

K=K'=K*.

3 Definiti If A is k-Orthogonal then both AA"T and ATA are k-

.Definitions Orthogonal.

Defn 2.1

) ) ) ) (AAT)-I _ (AT)-] A-]

A Matrix AEC,, is said to be k-orthogonal if AT L 1
_(A- - .. T A-

AKA'K=KATKA=I = (A ) A™ (" KAK=AT)

Ie; KATK=A" =(KA'K) "(KA'K)
=KAKKA'K

Example _KAATK

(0 1) is k-orthogonal (AATY'=K(AA") K.
A_[—l oj . AA" is k-orthogonal.
*Corresponding author: Bhuvaneswari, G. A similar proof may be given for ATA.
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Therom:3.2 KA'K=A"

KA'K=A"
Any two of the following imply the other (KA'K)'=(A™)!

(1)A is k-orthogonal
(i)A is symmetric
(iii))KA or AK is involutary.

Proof: (i) and (ii)) = (iii)
KA'K=A"

KAK=A" - (1)"." A=A"

Post multiplying (1) by A we get
KAKA=A"A

(KA) =1

Pre multiplying (1) by A we get
AK AK =AA"!

(AK)* =1

(i1) and (iii)) = (i)

(KAY =1

KAKA=I

KAK=A"

KA'K=A"

*." A is k-orthogonal (since A is symmetric)
A similar proof may be given when we assume (AK)*=I .
(ii1) and (i) = (ii)

(KA)=I

KAKA=I

KAK=A"

KAK=KA'K

A=A

A is symmetric.

Therom:3.3

Any two of the following imply the other.
(1)A is k-orthogonal.

(i)A is k-Symmetric.

(iii)A is involutary.

Proof : (i) and (i) = (iii)
KA™K=A"

A=A"'(.". A is k-Symmetric)
A’=I .. Aisinvolutary.
(iii) and (i) —(ii)

A=l = AA=I

A=A"

A=KA'K

.. Ais k- Symmetric.

Remark:3.4 For any matrix A ,A commutes with K iff A"
commutes with K.

KA=AK < (KA)' = (AK)"
< A'K = KAT
Therom:3.5
Any two the following imply the other
(1)A is orthogonal
(i1)A is k-orthogonal
(ii))AK=KA

Proof: (i) and (ii)) = (iii)

KAK=A = AK=KA
(ii) and (iii) = (i)
KATK=A"
A"™=A"" (by remark 3.4)
(iif)and (i) = (ii)
AT=A" = KKA™=A"
= KA'K=A" . (by remark 3.4)

Remark 3.6:

If a matrix A is non singular then by Cayley-Hamilton therom
we call find a polynomial P(t) such that A™'=P(A).

Therom:3.7

Any two of the following imply the other
(1A is k-orthogonal

(ii))A"'=P(A) where P(A) is a polynomial in A
(iii)A"=P(KAK)

Proof: (i) and (ii)) = (iii)

Since A is k-Orthogonal and non singular by remark (3.6), it is
possible to find a polynomial P(t) such that A'=P(A)
LetP(A)= Qo A"+ a0 A" +.....+ a,l,a, #0
But KA'K = A" =P(A)
A=K(a, A"+ a A"+.....+ a,])K

=a,KA"K+ a  KA"'K + ...+ a,KIK
o o KAK)'+ o | (KAK) ™ + ...+ a1
A'=P(KAK)

(ii) and (iii) = (i)

A"=P(KAK)
KA'K=K( & (KAK)"+ & {(KAK )™ + ....... +a,1)K
=K(a KA'K + o {KA"'K +........ + a ,KIK) K
=g A"+ o A+ .+ a,1=P(A)
KA™K = A"

.. A is k-orthogonal

(ii1) and (i) = (ii)
since A is k-Orthogonal and non singular by remark (3.6), it is
possible to find a polynomial q(t) such that A"'=q(A)

Letq(A)= BoA™+ B A™'+.....+ B, Bo#0
KA'K=A"

But AT =P(KAK) = KP(KAK)K =A"=q(A)

K(a (KAK)"+ o (KAK) ™ + ....... +a, )K= [,A"+

Since two polynomials in A are equal . we must have m = n
and o ;= f foralli.
~ P(A)=q(A)
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Hence A" =P(A)
Definition 3.8: (Peter Lanncaster, 2009)

The matrices A and B from C,,, are said to be similar if there
exists a nonsingular matrix T € C,,, such that A = T'BT

Therom 3.9:

Let A be k-orthogonal. Let B is similar to A such that
B=C" AC. If a matrix C is

k-orthogonal then B is k-orthogonal.
Proof:
KB'K=K(C'AC)'K
=K CTA"(CHTK
=KC'A"(K C'K)'K

=K CTATK C'KTK
=K CTATK C

=K(K C'K) (KA'K)K C
=C'A'C
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