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1. INTRODUCTION

Algebraic structures play a prominent role in mathematics with
wide applications in many disciplines such as computer
sciences, information sciences, engineering, physics etc. The
theory of ternary algebraic system was introduced by Lehmer
[Lehmer, 1932] in 1932, but earlier such structures was studied
by Kasner [1904] who give the idea of n-ary algebras. Lehmer
investigated certain algebraic systems called triplexes which
turn out to be commutative ternary groups.  Ternary
semigroups are universal algebras with one associative ternary
operation. The notion of ternary I'-semiring was introduced by
M. Sajani Lavanya, D.Madhusudhana Rao and V. Syam Julius
Rajendra [2015] in the year 2015, who is credited with
example of a ternary I'-semiring which cannot reduce to I'-
semiring.

2. Preliminaries

Definition 2.1 [9]: Let T and I" be two additive commutative
semigroups. T is said to be a Ternary I'-semiring if there exist
a mapping from T XI'x T xI'x T to T which maps

(X, a,Xx,, ﬁ, X;)—> [xlaxzﬁx3] satisfying the

conditions:

*Corresponding author: Praveenkumar, K.
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1) [[aabpclydde] = [aalbpepd)de] = [aabplcydde]]

ii) [(a + b)cpd] = [aacpd] + [bacsd]

i) [a & (b + c)pd] = [aabpd] + [aac/d]

iv) [aabMAc + d)] = [aabpc] + [aabfd] for all a, b, ¢, dE T
and @ g, y, JET.

Note 2.2 [9]: For the convenience we write X,(X, ,Bx3 instead
of [x,ax,8x,]

Note 2.3 [9]: Let T be a ternary I'-semiring. If A,B and C are
three subsets of T , we shall denote the set AIBI'C =

{Zaabfc:aec A,beB,ceC,a,feT}.

Note 2.4 [9]: Let T be a ternary I'-semiring. If A,B are two
subsets of T , we shall denote the set A + B =

{a+b:aeA,beB} and2A = {a+a:a€A}.

Example 2.5 [9]: Let T be the set of all m x n matrices over
the set of all non-negative rational numbers and I" be the set of
alln X m matrices over the set of all non-negative rational
numbers. Define A + B = usual matrix addition and AaBBC =
usual matrix product of A, o, B, B and C; forall A, B,C€ T
and for all o, f€ I'. Then T is a ternary I'-semiring with matrix
addition and matrix multiplication as the ternary operation.
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Definition 2.6 [9]: An element Oof a ternary I'-semiring T is
said to be an absorbing zero of T provided 0 + x = x = x +
Oand Oaafb = aa0pb = aabp0) =0V a, b,x € T and @, FET.

Definition 2.7 [9]: A ternary I'-semiring T is said to be
commutative ternary T'-semiring provided al'bl'c = bI'cl'a =
cl’'al’b = bT'al'c = cI'bl'a = al'cI'bfor all a, b, ¢ € T.

Definition 2.8 [9]: A non-empty subset S of a ternary I'-
semiring T is a ternary sub I'-semiring if and only if S+ S ©
S and SI'ST'S C S.

Definition 2.9 [9]: A nonempty subset A of a ternary I-
semiring T is a left ternary I'-ideal of T provided i)a+b € A
=a+b€Aandii)b,ce€T,a€A, o fET = bacfac A.

Definition 2.10 [9]: A nonempty subset of A of a ternary I'-
semiring T is a lateral ternary I'-ideal of T ifi))a+b €A = a
+beAandii)b,ce€T,a €A, & FET = baafice A.

Definition 2.11 [9]: A nonempty subset A of a ternary I-
semiring T is a right ternary I'-ideal of T if i) a + b€ A = a
+beAandii)b,c€T,a €A, & FET = aabfce 4.

Definition 2.12 [9]: A nonempty subset A of a ternary I-
semiring T is a ternary I'-ideal of T if and only if it is left
ternary I'-ideal, lateral ternary I'-ideal and right ternary I'-ideal
of T.

Definition 2.13 [9]: An additive sub-semigroup Q of a ternary
[-semiring T 1is called a quasi-ternary [-ideal of T if
QI'TITN(TTQI'T+TITIQI'TIT)NTI'TIQ € Q.

3. Quasi Simple:

Definition 3.1: Let T be a ternary I'-semiring and A be a non-
empty sub set of T. A quasi ternary I'-ideal < A >, denoted the
quasi ternary I-ideal of T generated by A. Since < A > is the
smallest quasi ternary I'-ideal of T containing A.

Theorem 3.2: Let T be a ternary I'-Semiring and A is a
non-empty sub set of T, then

<A>;= AU(TTTTAN(ITALT + TTTTATTIT ) ATTTT)

for any @ € T and so
<a>;= aU(TTTTaN(TTal T +TTTTal' TTT)al'TTT)

foranya € T.

Definition 3.3: A ternary I'-semiring T is said to be quasi
simple if T has no proper quasi ternary I'-ideals.

Example 3.4: The ternary ternary I'-semiring T = { -i, i} and T’
= {-i,1, i} is a quasi simple.

Theorem 3.5: Let T be a ternary I'-Semiring, then the
following statements are equivalent

1.T is quasi simple

2.(TTTTa(TTal T +TTTTal TTT)\alTET) =T for all
a€T

J.<a>;=Tforalla €T.

Proof: (i) = (ii) : Suppose that T is a quasi simple and a € T.

Since  (TTTTa(ITTal'T+TTTTalTTT)Nal'TIT)is a

quasi ternary ternary I'-ideal of T. Since T is quasi simple and
hence (TTTTa\(TTal' T +TTTTal TTT)Nal' TTT) =T

ii) = iii): Since T['TT'a N ( Tlal'T + TTTTal'TTT) N o TIT S
<a>;><a>;=TforallaeT

iii) = 1): Let Q be a quasi ternary I'-ideal of T and a € Q.
Therefore, <a >, =T € Q > Q =T and hence T is quasi
simple.

Definition 3.6: Let T be a ternary I'-semiring with 0, TTTI'T #
{0} and |T|>1. Then T is said to be 0-quasi simple provided

T has no nonzero proper quasi ternary I'-ideals.

Example 3.7: The ternary I'-semiring T = { 7, 0, i} where T =
I" is a 0-quasi simple.

Theorem 3.8: Let T be a ternary I'-semiring with 0, (TT)’T
# {0} and |T|>1. Then T is a 0-quasi simple if and only if
<a>4=T for all a € T\{0}.

Proof: Suppose T is a 0-quasi simple. Let a € T\{0}. Thus <
a>q# {0} ><a>=T.

Conversely, let Q be a non-zero quasi ternary I'-ideal of T and
a € Q\{0}. ThenT=<a>, <€ QS T. Therefore, T is a 0-
quasi simple.

Theorem 3.9[9]:An additive sub semi group Q of a ternary I'-
semiring T is a quasi-ternary [-ideal of T if Q 1is the
intersection of a right ternary I'-ideal, a lateral ternary I'-ideal,
and a left ternary I'- ideal of T

Theorem 3.10[9]: An additive sub semigroup Q of a ternary
[-semiring T is a minimal quasi-ternary I'-ideal of T if and
only if Q is the intersection of a minimal right ternary I'-ideal,
a minimal lateral ternary I'-ideal, and a minimal left ternary I'-
ideal of T.

The following theorem shows the relationship between
minimal quasi ternary I'-ideals and quasi-simple in ternary I'-
semiring.

Theorem 3.11: Let T be a ternary I'-semiring and Q a
quasi-ternary I'-ideal of T. Q is a minimal quasi-ternary I'-
ideal of T if and only if Q is quasi-simple

Proof: Assume Q is a minimal quasi-ternary I'-ideal of T and
let A be a quasi-ternary I'-ideal of Q. Then QI'QI'A N AI'Qr'Q
N (QTA'Q U QI'QrATQrQ) € Q. It is easy to verify that
QI'QrA N ATQI'Q N (QTATQ U QI'QrArQrQ) is a quasi-
ternary [-ideal of T. Since Q is minimal and QI'QrA N
ATQIr'Q N (QrArQ U QIQrArQrQ) € A c Q, QrQra n
ATQI'Q N (QrAI'Q U QIrQrArQrQ) = A = Q. Hence Q is
quasi-simple. Conversely, assume Q is quasi-simple. Let A be
a quasi-ternary I'-ideal of T such that A € Q. So A is a quasi-
ternary ['-ideal of Q, this implies A = Q. Hence Q is a minimal
quasi-ternary I'-ideal of T.
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Theorem 3.12: Let T be a ternary I'-semiring with zero and
Q a nonzero quasi-ternary I'-ideal of T. The following
statements hold

(1) If Q is 0-quasi-simple, then Q is a 0-minimal quasi-
ternary I'-ideal of T.

(2) If Q is a 0-minimal quasi-ternary I'-ideal of T and
QI'QrA N ArQrQ N (QrArQ U QrQrAarqQraq) #
{0} for all a nonzero quasi-ternary I'-ideal A of Q, then
Qis 0-quasi-simple.

Proof: (1) Suppose that Q is 0-quasi-simple. Let A be a
nonzero quasi-ternary I'-ideal of T such that A € Q. So A is a
nonzero quasi-ternary -ideal of Q, this implies A = Q. Hence
Q is a 0-minimal quasi-ternary I'-ideal of T.

(2) Suppose that Q is a 0-minimal quasi-ternary I'-ideal of T
and let A be a nonzero quasi-ternary I-ideal of Q. Thus
QI'QrA N AIrQrQ N (QrArQ U QrQrarqQrQ) € A. Similar
to the proof of Theorem 3.11, hence Q is 0-quasi-simple.

Example 3.13 (1) In Zg, consider the ternary I'-semiring T =
{T, 5,5} , I = {T, 5} under the usual addition and ternary

multiplication. It is easy to see that {9} is a minimal quasi-
ternary I'-ideal of T. By Theorem 3.11, the ternary I'-semiring
{9} is quasi-simple.

(2) In Z3, consider the ternary I'-semiring T = {6,T,§,§} , I'=

{T,§} under the usual addition and ternary multiplication. It is

easy to see that Q = { 0,9 } is 0-quasi-simple and Q is a quasi-
ternary ['-ideal of T, by Theorem 3.12(1), Q is a 0-minimal
quasi-ternary I'-ideal of T.

(3) The converse of Theorem 3.12(1) is not true in general. In
Zs1, consider the ternary
I-semiring T = {6,5, 27} where T = T, under the usual
addition and ternary multiplication. It is easy to see that Q =
{6, 27} is a 0-minimal quasi-ternary I'-ideal of T but Q is not

0-quasi-simple.

Lemma 3.14[9]: The intersection of arbitrary collection of
quasi-ternary I'-ideals of a ternary I'-semiring T is a quasi-
ternary I'-ideal of T.

Theorem 3.15: Let T be a ternary I-semiring having
proper quasi-ternary I-ideals. Then every proper quasi-
ternary TI-ideal of T is minimal if and only if the
intersection of any two distinct proper quasi-ternary I'-
ideals is empty.

Proof: Let Q; and Q, be two distinct proper quasi-ternary I'-
ideals of T. Then Q; and Q, are minimal. If Q; N Q, # @, then
by lemma 3.14, Q; N Q, is a quasi-ternary I'-ideal of T. Since
Q; N Q, is a proper subset of Q,, a contradiction. Hence Q; N
Q, = @. The converse is obvious.

Theorem 3.16: Let T be a ternary I'-semiring with zero
having nonzero proper quasi-ternary I'-ideals. Then every
nonzero proper quasi-ternary I'-ideal of T is minimal if and
only if the intersection of any two distinct proper quasi-
ternary I-ideals is {0}.

Proof: Using the same proof of Theorem 3.15.
Conclusion

In this paper mainly we start the study of quasi-simple ternary
[-semirings. We characterize those quasi simple ternary I'-
semirings.

Acknowledgments

The first and third authors express their warmest thanks to the
Research Director Dr. D. Madhusudhana Rao, department of
Mathematics, VSR & NVR College, Tenali. The authors would
like to thank the experts who have contributed towards
preparation and development of the paper and the referees,
Chief Editor for the valuable suggestions and corrections for
improvement of this paper.

REFERENCES

Choosuwan, P., R. Chinram, 2012. A Study on Quasi Ideals in
Ternary Semigroups, International Journal of Pure and
Applied Mathematics, Vol 7, No 5, 639-647.

Dixit, V.N. and S. Dewan, 1995. A note on quasi and bi-ideals
in ternary semigroup, /nt. J. Math. Math. Sci., 18; 501-508.

Dixit, V.N. and S. Dewan, 1997. Minimal quasi-ideals in
ternary semigroup, Indian J. Pure Appl. Math., 28; 625-
632.

lampan, A. 2007. Lateral ideals of ternary semigroups,
Ukrainian Math. Bull., 4; 525-534.

lampan, A. 2008. Quasi-ideals of semigroups, J. Algebra
Number Theory Appl., 12; 93-102.

Kasner, E. 1904. An extension of the group concept, Bull.
Amer. Math. Soc., 10;290-291.

Lehmer, D.H. 1932. A ternary analoue of abelian groups,
Amer. J. Math., 59; 329-338.

Los, J. 1955. On the extending of model 1, Fund. Math., 42;
38-54.

Sajani Lavanya, M., Dr. D. Madhusudhana Raoand V. Syam
Julius Rajendra, On Quasi- Ternary [-Ideals And Bi-
Ternary I-Ideals In Ternary I-Semirings, International
Journal of Mathematics and Statistics Invention (IJMSI),
Volume 3 Issue 6 || September. 2015 || PP-05-14

Sioson, F.M. 1965. Ideal theory in ternary semigroups, Math.
Japan, 10; 63-84.

skeosk skok skokosk



